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Capacitors
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Figure 5.2.4   (a) A cylindrical capacitor. (b) End view of the capacitor. The electric field 
is non-vanishing only in the region a < r < b.  
 
Solution: 
 
To calculate the capacitance, we first compute the electric field everywhere. Due to the 
cylindrical symmetry of the system, we choose our Gaussian surface to be a coaxial 
cylinder with length  and radius r where L�A a r b� � . Using Gauss’s law, we have 
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where /Q LO   is the charge per unit length. Notice that the electric field is non-
vanishing only in the region a r . For rb� � a�  , the enclosed charge is  since 
any net charge in a conductor must reside on its surface. Similarly, for , the enclosed 
charge is 

enc 0q  
r b!

enc 0q O O �  A A  since the Gaussian surface encloses equal but opposite 
charges from both conductors.  
 
The potential difference is given by 
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where we have chosen the integration path to be along the direction of the electric field 
lines. As expected, the outer conductor with negative charge has a lower potential. This 
gives 
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Once again, we see that the capacitance C depends only on the geometrical factors, L, a 
and b. 
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Example 5.3: Spherical Capacitor 
 
As a third example, let’s consider a spherical capacitor which consists of two concentric 
spherical shells of radii a and b, as shown in Figure 5.2.5. The inner shell has a charge 
+Q uniformly distributed over its surface, and the outer shell an equal but opposite 
charge –Q. What is the capacitance of this configuration? 
 

  
 
Figure 5.2.5 (a) spherical capacitor with two concentric spherical shells of radii a and b. 
(b) Gaussian surface for calculating the electric field. 
 
Solution: 
 
The electric field is non-vanishing only in the region a r b� � . Using Gauss’s law, we 
obtain 
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or 
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Therefore, the potential difference between the two conducting shells is: 
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which yields 
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Again, the capacitance C depends only on the physical dimensions, a and b. 
 
An “isolated” conductor (with the second conductor placed at infinity) also has a 
capacitance. In the limit where fob , the above equation becomes  
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Energy Storage in Capacitors
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Potential energy 𝑈 of a charged capacitor = the work 𝑊 required to charge it

Starting from a capacitor 𝐶 with charge 𝑞 and voltage 𝑣, we have 𝐶 = 𝑞/𝑣.

Consider adding 𝑑𝑞 charge to the capacitor (i.e. bring 𝑑𝑞 from 𝑏 to 𝑎), then 
the work done during this process is 

𝑑𝑊 = 𝑣𝑑𝑞 =
𝑞𝑑𝑞
𝐶

If we charge the capacitor from zero charge to 𝑄, the total work is

𝑊 = ,
!

"
𝑑𝑊 = ,

!

# 𝑞𝑑𝑞
𝐶 =

𝑄$

2𝐶

+𝑞

−𝑞

𝑑𝑞

𝑎

𝑏

Three equivalent expressions for U.
Pick one that fits the problem better.



Parallel Plate Capacitors
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𝑈 =
1
2𝐶𝑉

! =
1
2
𝜀"𝐴
𝑑 𝐸𝑑 ! =

𝐴𝑑𝜀"𝐸!

2

𝐴𝑑 is the volume of space sandwiched between the plates.

𝑢 =
𝑈

𝑣𝑜𝑙𝑢𝑚𝑒 =
1
2𝜀"𝐸

!

Electric energy density in a vacuum 

o The above expression holds for any electric field configuration in vacuum.
o Electric field by itself has energy.
o This is the same electric potential energy we have met before.



How to Enhance Capacitance?
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For parallel plate capacitors, how to enhance 𝐶 = 𝜖!𝐴/𝑑?

For a fixed voltage 𝑉, a larger 𝐶 
means a greater energy storage.

1. Increase area 𝐴;

2. Reduce distance 𝑑;

3. Insert dielectric materials.

In principle, all insulators are dielectric materials…
But we want the good ones!



Insulators Revisited
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1. Electrons inside an insulator cannot move freely.

2. When applying an electric field 𝐸!, atoms in insulators will 
be polarized. Namely, a local separation between the 
electron & the ion will be created.

3. Polarized atoms act as small dipoles, creating local electric 
field opposite to the external electric field.

4. Electric field 𝐸 inside an insulator is always smaller than 𝐸!.

5. The ratio 𝐾 between 𝐸! and 𝐸 is the dielectric constant of 
the insulator.

𝐸(

𝐾 =
𝐸"
𝐸



Insulators Revisited
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𝐸( 𝐾 =
𝐸"
𝐸 ≥ 1

Remarks
1. Dielectric constant is an intrinsic property of material. It 

tells us how much an external electric field is reduced 
inside the material compared with vacuum.

2. Vacuum has 𝐾 = 1.
3. General insulators has 𝐾 > 1.
4. Conductors can be viewed as a very special “insulator” 

with 𝐾 = ∞.	Why?

Dielectric Constant

Electric field inside an electrostatic conductor is zero everywhere.



How does Dielectric Material Help Us? 
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Vacuum:

𝐶! =
𝑄
𝑉!

Dielectric material:

𝐸 = 𝐸!/𝐾	 → 	 𝑉 = 𝑉!/𝐾

𝐶 =
𝑄
𝑉!
= 𝐾

𝑄
𝑉!
= 𝐾𝐶!

𝐾

𝐶 = 𝐾𝐶(

Inserting dielectric material with a 
dielectric constant of 𝐾 will increase 
the capacitance by a factor of K!

We need insulators with a 
high dielectric constant!



How does Dielectric Material Help Us? 
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High dielectric constant:

 𝐾 > 7

Low dielectric constant:

 𝐾 < 3.9

Calcium copper titanate 
(CaCu3Ti4O12):
𝐾~10,000



Permittivity
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Permittivity: 𝜖 = 𝐾𝜖!

Vacuum            Dielectric with 𝐾 > 1

Electric Field 𝐸! =
𝜎
𝜀!

𝐸 =
𝜎
𝜀

Capacitance 𝐶! =
𝜀!𝐴
𝑑 𝐶 =

𝜀𝐴
𝑑

Electric Energy Density 𝑢! =
1
2 𝜀!𝐸

$ 𝑢 =
1
2 𝜀𝐸

$

Parallel Plate Capacitor

When inside a material, we simply replace 𝜺𝟎	with 𝜺 for all the quantities and 
laws/principles that originally involve 𝜀!.



Coulomb’s & Gauss’s Laws inside a Dielectric Media
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𝐸 =
1

4𝜋𝜀(
𝑞
𝑟4
𝑟̂

,
5
𝐸 ⋅ 𝑑𝐴 =

𝑄6789:;6<
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Vacuum

Coulomb’s Law

Gauss’s Law

𝐸 =
1
4𝜋𝜀

𝑞
𝑟4
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,
5
𝐸 ⋅ 𝑑𝐴 =
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Dielectric Media with 𝜀

When inside a material, we simply replace 𝜺𝟎	with 𝜺 for all the quantities and 
laws/principles that originally involve 𝜀!.



Two identical parallel plate capacitors are carrying the same amount of charge 𝑄 and 
remain disconnected from any battery. Then 𝐶4 is filled with an insulator with 𝐾 > 1. 
Compare the voltages of the two capacitors. Which one is correct?

A. V1 > V2
B. V1 = V2
C. V1 < V2
D. Not enough information

𝑄 = 𝐶𝑉



Example #1
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A capacitor is charged to 𝑄 and then the battery is disconnected. 
Now we pull the plates further apart so that the final separation 
is 𝑑& > 𝑑

Which of the quantities Q, C, V, U, E change? 

Q: Charge on the capacitor does not change.

C: Capacitance decreases.

V: Voltage increases.

U: Potential energy increases.

E: Electric field does not change.

𝐶 = 𝜖
𝐴
𝑑 𝑉 =

𝑄
𝐶

𝑈 =
1
2
𝑄𝑉 𝐸 =

𝜎
𝜀



Example #2
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A capacitor is kept connected to a battery 𝑉. Now we pull the 
plates further apart so that the final separation is 𝑑& > 𝑑

Which of the quantities Q, C, V, U, E change? 

Q: Charge decreases.

C: Capacitance decreases.

V: Voltage does not change.

U: Potential energy decreases.

E: Electric field decreases.

𝐶 = 𝜖
𝐴
𝑑 𝑉 =

𝑄
𝐶

𝑈 =
1
2
𝑄𝑉 𝐸 =

𝜎
𝜀


