Math 251 Spring 2023

Section 4.3 Spanning Sets
Objectives.
e Introduce the span of a set of vectors.
e Define spanning sets for a subspace of a vector space.

e Discuss examples of spanning sets in real vector spaces.

Let V be a vector space, and let @y, %, ..., %, be vectors in V. The vector % in V' is a linear combination of
¥1,Ts, ..., U, if there are scalars ky, kg, ...,k such that

w:k1771+k2172+"'+kT17T.

Theorem. If S = {1, Ws,...,W,} is a nonempty set of vectors in a vector space V, then:

a) The set W of all linear combinations of vectors in S is a subspace of V. = Spanl S
o . P :
(o, W 35 “spanned” by S).
(b) The set W in part (a) is the smallest subspace of V that contains all the vectors in S.
(This means that any other subspace of V' that contains S also contains every vector inW.)
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W' s C‘OSco( ander  addi ,"0"\ le Sea ‘ﬁf Mu\”‘lfl'“cq'(-io’\ . ‘TL\\M W ’ con‘-m‘» $
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The subspace W in this theorem is the called subspace of V' spanned by S, and we say that the vectors in .S
span the subspace W.
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Example 1. Every vector in R™ can be written as a linear combination of the vectors €1, €3, ...,¢€p
b " T 1\
Le;" v © (V| . Vg, ---, Vv\) be « V(LC—LO" Y2 IE .

- - -
m _‘7: V|€,+ V’-el* "+ Vpea.

Tab s, ¥ 2, 30,8
i5, vV s n S'Pav\z e, e, -, e’ng .
Example 2.

(a) Let ¥ be a non-zero vector in R? or R®. Describe span{#}.
? .
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(b) Let % and ¥ be non-parallel vectors in R3. Describe span{y, o2}

R 1

‘JA\\L tw ‘KZ E-W‘j vt_cl-or kl‘;?l + k!-\?l l"CS T l’L\n, Ph“‘"
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.\7 )
] Won‘ﬁm and Paru"t‘ lo IwH,\ V' Q,‘A V.
Example 3. Every polynomial in P, can be written as a linear combination of the polynomials 1,z, 2%, ..., z".
T all PoluwWalS ,p Jaﬂm &n,
Le,(— P(ﬁ)’- Qo + AN + Ay x* ¥ - 2

SRR K- 2 &— RrLr‘"ﬁlﬁj Folaneum'ql tm R
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There are two important problems we can ask about spanning sets in a vector space.

e Given a set of vectors S and a vector ¥, decide whether ¥ is in span(5).

£ o O b welln as a

e Given a set of vectors S, decide whether span(S) =V.

Example 4. Let 4 = (1,2,—1) and ¥ = (6,4,2). oo "°"'\L‘\‘\“'L"°"‘ °p

V&‘Qﬁ A, S?
(a) Show that wy = (9,2,7) is a linear combination of  and v.

The e;tualn'om (q,z.") = k, (h,2,-) + kg (6,4,0) s utw‘\/alwi’ o Ha
“'V\La-r 3‘63‘1"’\: q = le, + bk, ) 2= 2.“1 "'"l‘t, 7= 'k, +Zl(z_

TL;; 5'1391'%« has Solul“""“ b, = -3, hy =
' A
Thas  ®= -32 v2v. (6 & 5w a2, di )
(b) Show that % = (4, —1,8) is not a linear combination of # and 7.
’n\-& %K“LN“ (Ll‘ ’l, 9) = k, (',Z.-) + h‘l( 61"1 2) 3 %“"vql‘“l- L" +L"
l“Nﬂr <vla9l‘QM B 4 = kl + ‘41' -1 = 21(‘ + L(“z, g: ’&| 4'24,__

TI«“S fl'yLw\ s "v\ConsrsLeJ- (J.e. no S'olu“'\»\s!”)' So ;:1 TS m,'—

. -
o \|\~o~r wmh‘u*-uh ,Q 2 au\p( 3 , (i.g_ {:',1 s w_n_" in Span i’u?, v i)
Example 5. Determine whether the vectors @ = (1,1,2), %2 = (1,0,1), and 93 = (2,1,3) span R3.

We need to decwle wheler  eversy vechor (b, bi,bs) W5 s span 3V, V35
(‘b!)bz)LDZ) - l(‘(','.'Z\ * kt("o' |> * L3 (2,"33 : (k' +k1*2k3'k“.k3l 2’(..+L2P3A3)
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ke y t kg =bo => ' o '3 ke [ o] b
2, Fhy+ Zk; = by £ “ 3

- -

’Bec“m 0!2,4'[2" z-g = O (cL\ulL H«rﬂ”)) Hog 9'391'*“ r¢ tnconsrsbenl
Qr Sone  chores 09 lD, . L., , lo; . TLVLS Span ZV, , vl, 312 . M;‘_ \Zg
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Strategy. To determine.whether the set S = {1, ..., } spans the vector space V:

- choos an arlm‘\Ln»nj Veclor ?7 AN V
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Example 6. Determine whether the set S spans Ps.
(@) S={1+z+2%—-1-x2+2z+z%}

Led P(x) = a+ bx+ et The %ML“W\

o + bx+exnt = b, (l ex+at) ¥ kl(—(—x\ ¥ k;(z +2a+ 7¢-z> is eiu:valu\j'
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h-[ - l(-; + Zk3
e, v by
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a,b,c.
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$’Pow\ (‘72
(b) S ={z+2%2x-2%1+z,1—z}
Lot pCu)=a+‘ox+¢7¢1. The eq/yuu"v‘(w\.
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T[\n‘s S coucicto\)' C.— ‘.L” ch‘cc,g op ab,c
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Example 7. Determine whether the set S spans Mas.
os-{BIRgLaL Y w AL2E]
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c = ey * le, o o | hy h

d = b vk ¥l b e ][y :

Coroa

&cuuu 3 : 7; =-2¢0 P ‘Hm‘? 5'63104‘4 s cov\slsL_,\J'
( °

{
Q,._ 5&[ choices ,p a b, cd. 'n\u.s span {SZ z mzz-

o IR w2,

[: ‘ﬂ: k‘["’ - ”“ﬁ ¥ h,[‘; 3341“,[}" :_S

| I o
m‘ -Eecawsr. ‘ :; ? T ", =0 (21 ’£q> H'\FS . YSS"-«« s
° o o |



