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Section 4.1 Real Vector Spaces

Objectives.

e Introduce the vector space axioms.

e Discuss some examples of real vector spaces.

A vector space is a generalization of the vector arithmetic in R™. A (nonempty) set of objects forms a vector
rea‘ V\IMMhT.

space if it satisfies ten assumptions (axioms) that describe the rules of arithmetic for two operations.

V is a vector space.

1. fdand Tarein V, thenu + ¢ isin V. V is closed unoler aouil.'an_

2. d+v=v+4 )
axtons g Z-g afe : Pro‘aukq 99 aw(du‘llow

3. 4+ (U+ W) = (+0)+ @
4. There exists a vector 0 in V that satisfies 0 + 4 = @ + 0 = @ for all @ in V.

5. For each i in V, the vector —@ (the negative of %) is in V and satisfies @ + (—4) = (—#) + 4 = 0.

7. k(@ +7) = kil + kv

8. (k+m)il = kii + mi

)

Wector space axioms. Let V be a (nonempty) set of objects with two operations called addition and /calar
multiplication. If the following ten axioms are satisfied by all @, ¥, and @ in V and all scalars k£ and m, hen |

6. Ifisin V and k is a scalar, then ki is in V. V is closed wndar S'LA\‘W' Mu”-.‘F‘t‘tahOM-

. L
axtoms [-10 ant ‘PNFV‘"C-! ’ﬁ S'C“L‘f Muufpl"tal'tm

ulgud"’j lK

Strategy. To show that a set ¥ with two operations is a vector space: _~
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Example 1. Theset V = {6} with the operations

0+0=0 and kO =0 for all scalars k
add"l'“‘" sealar M”‘d.al\‘ta'-fou.

is a vector space.

o~ - - -2 1y 'S
\/ s G(OQA\ bu,aus( CD’ 4—3 = 07 s v V AD\A kO =0 ¢ in \/.

- - - = - -2
ed . Ax'owa 5 (D7+(81~O)= S+ro = (O+o>+0_
\_,.-V—'—-/ W

"O*-o

Example 2. The set V = R" of all n-tuples of real numbers with the operations

T+ 0= (uy,ug,. ., U) + (V1,02,...,0n) = (uy +v1,ug + v2,. .., Un + Un),

k@ = k(u1, ug, ... ,un) = (kui, kug, . .., kun)

is a vector space.

€q. q—x;‘ ;Z eq. a@iom 1:
w = (u|,uz,"' “h) (V. ,Vl, .- \I.‘) k(c? +;7) - h(ﬂ,*\l.) =y, u“’,.vﬁ)

. (lt(uﬁ"!\,---, k (un +v“))

:'(vi +U\.'V1+M1,-—-’ V.\+u.\) - (kU\.“'kV“ T ku“+kv")
= (V“V‘{, ".;Vu\ (ul'ulp.--luh) = (lLM” T ky\“)* (kv' 7% kv")
= ke(w,, -, W)+ le(v,, -+, vi)

=@’\7+7. ’
= kR + k.

= <u|+V,' U,_*-V;' cee, M,\-I-Vy\)

Example 3. The set V = R™ of all infinite sequences of real numbers with the operations

= (w1, U2,y .-, Un,---) + (V1,02,...,Un,...) = (U1 + U1, U+ V2, Uy T Uy ),

v
kit = k(uy, u2, . .., Un, - ..) = (kui, kug, ..., Kun, . ..)

is a vector space.
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Example 4. The set V = My of all 2 x 2 matrices of real numbers with the operations

} G c(OSul uv\olkf

G T= U1 U2 4 vy viz| _ wil + v w12 + V12
U1 U2 Vg1 U322 u21 + V21 U2z + V22 add""'iau\
~ Ul U kuin  ku
Lt — 1 w2| _ |kun 12 — oloxd wnwolr scalar w“”'ﬂ'alfca L.,h
Uzl U2 kug1  kuze

nole'  He “webors” in Ma  are  2x0 palrices.

— (¢} [} - -~

axom S ¢ De e o = [o o‘S . (”“"‘ R
f

2 Uy U -

Rf “u [ “u‘k ’ ALQ\M_ ~Kk =

Uy
Wy WUy 1 ~hn } u‘t\S _ WUy = WUy,
Wy U ~Uy -Un et - Uy Uqg~ U2

“Uy -Wz Wy hadk _ -, +Y,, U2 + U _ o O ,:_67
4 - i o ©O .
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(,d) fuw o=
'-Uh.‘ -1 X M"l 'u‘h ¢u1| "M'_-l "“11

is a vector space.
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Example 5. The set V = M,,, of all m x n matrices of real numbers

Ul U2 o Uln
. Ug1 U2t U2p
U= .

Um1l Um2 voe Umn

with the operations of matrix addition and scalar multiplication is a vector space.
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Example 6. Let F'(—o0, 00) be the set of all real-valued functions defined on the interval (—o0, 00).
For f = f(z) and § = g(x) in F(—00,00), we define addition and scalar multiplication by

F+3=f(z)+gx) and kf=kf(z) for all scalars .
Then V = F(—00,00) with these two operations is a vector space.
Q(—,Q 4 3(1-) awd kf&) e ta F(—m.“) , jo Flm,o) s closol
wder  addibon  and  sealar Wmlhplecahou.

-
axow 1° -P +§ = f(x)+8(x) = S(*M—Q(u\ = g +Z.

e

axtom &* ?egw 8=0 a.— all 2% (-00,0°>. Then

oA
P———————,

—f+3=$(u)+0=f(*5=-§, 8*—?:04"”"):?("):?'

axom S° Delbae —?=-p(x) Then
TP = Ll (00 = Loo-L= 0= 3.

Example 7. Let V = R2. For @ = (u1,u2) and ¥ = (v1,v2) in R2, we define addition and scalar multiplication

by
@4 U= (u1 +v1,u2 + v2) and ki = (kuq,0).

Then V = R? with these two operations is not a vector space.

—T[\FS su(‘ (wi“« l’LL al(a(il'v*om ond Mv\”lPll‘w"Nm d(l.pn-ul aL0ve> s'ql-rsﬁu

axouny =4, bub el axvm 10,

Lk 2= (»,41), wlare w0, Tha

«) = (1w, 0) - (a,0) #R.
bey olef.

That 0 Hue are vechrs @R i R e W A&
Tlaelore, Hs 5 woF a veelor space.

12 = 1 (a,




Math 251 Spring 2023

Example 8. Let V be the set of all positive real numbers. For @ = u and ¥ = v in V, we define addition and
scalar multiplication by = N sealor wanl Pln‘u.ho-\ in V

@ and 7 =uk.) is CXPOM{v\I“'a"b“\
V\

Then V with these two operations is a vector space. ‘dddi o fA V S aaam mplrcq"lou oﬂ f(al "w\mLers.

I? u,Vv Pos'l’-c‘ut Han wv s Iaoﬂ!-‘ve. IC w s Fas)lw(, Han uk i PoS'i\lfVQ.
—wal' S, V is  closed wnoler  Hese o oemlfoms‘.

- -
axom & Dofre 0=l Thn W+o=mlzu:=K
Xiom,

axXxiom 1 F'-Or AU\S sm'ar l(- :

(23) = @™ = GO = kd s k¥

Some properties of vector spaces. Let V be a vector space, let @ be a vector in V, and let k be a scaler.
Then:

1. 0@ =0.
2. k=10

- L - )
3. ()i =—u i.e. -1 bwes @ e:l/w:(s He r\csal-l\lc op “ .

4. If kit = 0, then either k =0 or & = 0.

Proof of 1. Proof of 3. w "‘(")‘7 = g
o = o +3 axiom & We veol to shao Hat €T
. o2+ (oau(.o:)) axtom § ie. -2 sahsfes
axdou. .
- (02+ o)+ (o) aom's TrENR =R+ (VX apom 10
. (o+0) @ +(-02) anom ¥ 2 (1+EN) R axiom 8
- 02 + (coa) oOo=0 : 0 Ll -eo0
: 8 axcom § I Prown 1.




