Math 251 Spring 2023

Section 4.1 Real Vector Spaces

Objectives.

e Introduce the vector space axioms.

e Discuss some examples of real vector spaces.

A vector space is a generalization of the vector arithmetic in R™. A (nonempty) set of objects forms a vector
rea‘ V\IMMhT.

space if it satisfies ten assumptions (axioms) that describe the rules of arithmetic for two operations.

V is a vector space.

1. fdand Tarein V, thenu + ¢ isin V. V is closed unoler aouil.'an_

2. d+v=v+4 )
axtons g Z-g afe : Pro‘aukq 99 aw(du‘llow

3. 4+ (U+ W) = (+0)+ @
4. There exists a vector 0 in V that satisfies 0 + 4 = @ + 0 = @ for all @ in V.

5. For each i in V, the vector —@ (the negative of %) is in V and satisfies @ + (—4) = (—#) + 4 = 0.

7. k(@ +7) = kil + kv

8. (k+m)il = kii + mi

)

Wector space axioms. Let V be a (nonempty) set of objects with two operations called addition and /calar
multiplication. If the following ten axioms are satisfied by all @, ¥, and @ in V and all scalars k£ and m, hen |

6. Ifisin V and k is a scalar, then ki is in V. V is closed wndar S'LA\‘W' Mu”-.‘F‘t‘tahOM-

. L
axtoms [-10 ant ‘PNFV‘"C-! ’ﬁ S'C“L‘f Muufpl"tal'tm

ulgud"’j lK

Strategy. To show that a set ¥ with two operations is a vector space: _~

—idebly Mo veelrs ot Heo scdass L
- iO(lv\hQi i’Ln., onml‘WV\S OQ q__d_ﬂ_(djoh anﬂ( S'Ca'm- ﬂm”’feh(‘g ow

- Sl’\ow QAxom § | av\A b l/\.olol (C(Me 000 V)
- S‘L.ow aXiouwas 2-S auﬂ( axiomg & 7-10 l’\Ou.

\
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Example 1. Theset V = {6} with the operations

0+0=0 and kO =0 for all scalars k
add"l'“‘" sealar M”‘d.al\‘ta'-fou.

is a vector space.

o~ - - -2 1y 'S
\/ s G(OQA\ bu,aus( CD’ 4—3 = 07 s v V AD\A kO =0 ¢ in \/.

- - - = - -2
ed . Ax'owa 5 (D7+(81~O)= S+ro = (O+o>+0_
\_,.-V—'—-/ W

"O*-o

Example 2. The set V = R" of all n-tuples of real numbers with the operations

T+ 0= (uy,ug,. ., U) + (V1,02,...,0n) = (uy +v1,ug + v2,. .., Un + Un),

k@ = k(u1, ug, ... ,un) = (kui, kug, . .., kun)

is a vector space.

€q. q—x;‘ ;Z eq. a@iom 1:
w = (u|,uz,"' “h) (V. ,Vl, .- \I.‘) k(c? +;7) - h(ﬂ,*\l.) =y, u“’,.vﬁ)

. (lt(uﬁ"!\,---, k (un +v“))

:'(vi +U\.'V1+M1,-—-’ V.\+u.\) - (kU\.“'kV“ T ku“+kv")
= (V“V‘{, ".;Vu\ (ul'ulp.--luh) = (lLM” T ky\“)* (kv' 7% kv")
= ke(w,, -, W)+ le(v,, -+, vi)

=@’\7+7. ’
= kR + k.

= <u|+V,' U,_*-V;' cee, M,\-I-Vy\)

Example 3. The set V = R™ of all infinite sequences of real numbers with the operations

= (w1, U2,y .-, Un,---) + (V1,02,...,Un,...) = (U1 + U1, U+ V2, Uy T Uy ),

v
kit = k(uy, u2, . .., Un, - ..) = (kui, kug, ..., Kun, . ..)

is a vector space.

-Dep“ue_ 8’—(0,0,-—-,0,--—), 'ﬂ\u\ 8 s \/:IR
Ip i = (M"Mtl A’ M"\.“') "'LLV\

i = . ) =
+o :(u‘)u")"')u"l'") 1-(0'0)..-, 01"') -(u';u'lr" el T i )
-
7y

eq. axdom &°

eomm———

sy

= (O, 0' ---, o, ..--) * (M”u-l'.--’u_‘,--->: (U\,, vy, “'.(A“'-—-) W

+

O}
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Example 4. The set V = My of all 2 x 2 matrices of real numbers with the operations

} G c(OSul uv\olkf

G T= U1 U2 4 vy viz| _ wil + v w12 + V12
U1 U2 Vg1 U322 u21 + V21 U2z + V22 add""'iau\
~ Ul U kuin  ku
Lt — 1 w2| _ |kun 12 — oloxd wnwolr scalar w“”'ﬂ'alfca L.,h
Uzl U2 kug1  kuze

nole'  He “webors” in Ma  are  2x0 palrices.

— (¢} [} - -~

axom S ¢ De e o = [o o‘S . (”“"‘ R
f

2 Uy U -

Rf “u [ “u‘k ’ ALQ\M_ ~Kk =

Uy
Wy WUy 1 ~hn } u‘t\S _ WUy = WUy,
Wy U ~Uy -Un et - Uy Uqg~ U2

“Uy -Wz Wy hadk _ -, +Y,, U2 + U _ o O ,:_67
4 - i o ©O .

- -
(,d) fuw o=
'-Uh.‘ -1 X M"l 'u‘h ¢u1| "M'_-l "“11

is a vector space.

"
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-+
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+
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1
5y
"
11}

Example 5. The set V = M,,, of all m x n matrices of real numbers

Ul U2 o Uln
. Ug1 U2t U2p
U= .

Um1l Um2 voe Umn

with the operations of matrix addition and scalar multiplication is a vector space.

(TLa, “wcLom" AN Mww\ ase WA XN ML‘I‘N—S OO f‘m[ nuML._rs,
Msa s

Y

T 2o vechr BN

v © (-] -]
< o o o o
O = o o o ]
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Example 6. Let F'(—o0, 00) be the set of all real-valued functions defined on the interval (—o0, 00).
For f = f(z) and § = g(x) in F(—00,00), we define addition and scalar multiplication by

F+3=f(z)+gx) and kf=kf(z) for all scalars .
Then V = F(—00,00) with these two operations is a vector space.
Q(—,Q 4 3(1-) awd kf&) e ta F(—m.“) , jo Flm,o) s closol
wder  addibon  and  sealar Wmlhplecahou.

-
axow 1° -P +§ = f(x)+8(x) = S(*M—Q(u\ = g +Z.

e

axtom &* ?egw 8=0 a.— all 2% (-00,0°>. Then

oA
P———————,

—f+3=$(u)+0=f(*5=-§, 8*—?:04"”"):?("):?'

axom S° Delbae —?=-p(x) Then
TP = Ll (00 = Loo-L= 0= 3.

Example 7. Let V = R2. For @ = (u1,u2) and ¥ = (v1,v2) in R2, we define addition and scalar multiplication

by
@4 U= (u1 +v1,u2 + v2) and ki = (kuq,0).

Then V = R? with these two operations is not a vector space.

—T[\FS su(‘ (wi“« l’LL al(a(il'v*om ond Mv\”lPll‘w"Nm d(l.pn-ul aL0ve> s'ql-rsﬁu

axouny =4, bub el axvm 10,

Lk 2= (»,41), wlare w0, Tha

«) = (1w, 0) - (a,0) #R.
bey olef.

That 0 Hue are vechrs @R i R e W A&
Tlaelore, Hs 5 woF a veelor space.

12 = 1 (a,
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Example 8. Let V be the set of all positive real numbers. For @ = u and ¥ = v in V, we define addition and
scalar multiplication by = N sealor wanl Pln‘u.ho-\ in V

@ and 7 =uk.) is CXPOM{v\I“'a"b“\
V\

Then V with these two operations is a vector space. ‘dddi o fA V S aaam mplrcq"lou oﬂ f(al "w\mLers.

I? u,Vv Pos'l’-c‘ut Han wv s Iaoﬂ!-‘ve. IC w s Fas)lw(, Han uk i PoS'i\lfVQ.
—wal' S, V is  closed wnoler  Hese o oemlfoms‘.

- -
axom & Dofre 0=l Thn W+o=mlzu:=K
Xiom,

axXxiom 1 F'-Or AU\S sm'ar l(- :

(23) = @™ = GO = kd s k¥

Some properties of vector spaces. Let V be a vector space, let @ be a vector in V, and let k be a scaler.
Then:

1. 0@ =0.
2. k=10

- L - )
3. ()i =—u i.e. -1 bwes @ e:l/w:(s He r\csal-l\lc op “ .

4. If kit = 0, then either k =0 or & = 0.

Proof of 1. Proof of 3. w "‘(")‘7 = g
o = o +3 axiom & We veol to shao Hat €T
. o2+ (oau(.o:)) axtom § ie. -2 sahsfes
axdou. .
- (02+ o)+ (o) aom's TrENR =R+ (VX apom 10
. (o+0) @ +(-02) anom ¥ 2 (1+EN) R axiom 8
- 02 + (coa) oOo=0 : 0 Ll -eo0
: 8 axcom § I Prown 1.
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Section 4.2 Subspaces
Objectives.
e Introduce the notion of a subspace of a vector space.
e Determine whether a subset of a vector space is a subspace.

e Discuss some subspaces of real vector spaces.

Recall that a vector space is a set V' that generalizes the vector arithmetic of R™ — vectors in V' can be added
or scaled without leaving V', and these operations are consistent with the usual rules of arithmetic.

Suppose that W is a set of vectors in a vector space V. We call W a subspace of V if W is a vector space
with the operations of addition and scalar multiplication from V.

.. & S'ulOS‘pgce, IS @ vac‘or ;'Pa.w insib‘l. a ,4"3¢r VQC."vr s*loace.

Example 1. If V is any vector space, and 0 is the zero vector in V, then W = {6} is a subspace of V.
¥ ey vechor iw W s alse ™

NL\\37 W C'EV and W= gag i oa veC“or Space.

Six of the ten axioms for a vector space are satisfied by every subset of vectors. The four axioms that need to
be checked are:

- c(oswre wndler Ap(ﬂ‘.z‘l-‘o-« axrom |

- e_;u‘sl'eb\m_ op ? O KtowA 4

= 6Xi$l"M¢ aec Msa‘ﬂ\le.s axtow §

- C(oSuN- wndur gea'ar Mlhplﬂm‘-ﬁom. Aldom~ 6

Subspace Test. If W is a nonempty set of vectors in a vector space V, then W is a subspace of V' if and only
if both of the following conditions are satisfied.

1. fZand Farein W, thend + ¥ isin W.

2. If @ isin Wand k is a scalar, then ki is in w

Strategy. To show that W is a subspace of V:

- S'L\ow H‘\A" ip n ;21 are W . H"lv\ :. +—|2'_ vy e

vy

7}
c ot Hab R W He LW s owow e all L.
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Example 2. If W is a line through the origin in R®, then W is a subspace of R"
- - - =? B -5
LQL W bf. Hq, 'W w = tV . IQ ®w, =SV and wa= S,V ,

W, &+ n, =

- =2 -
“ - = _ g"\?q- S,V = (q,+g,§v , o u?. n-at TS = W

s o Scalar, Han lew = k(sV):(ks)V

S0 ko s tm W, &mw& W s c(os:o( wnder M(di“‘ow and
ClOGch W'LDllr Sm(ﬁ.r Mu"'iplﬂ'Ca(‘iou, W

TP R=sV ok k

P

s a i‘v\L 9?4(,1 ‘Q

Example 3. If W is a plane through the origin in R3, then W is a subspace of R?

-— - - - - -
-Lp u\ @ ; vl + gtvt a\’\d uz = t|v' + {z‘qu ) “—LWA

M-q + V‘t (S‘V‘ * 91:’2) + (e\7¢+ el?t\ = (S|+’el) ‘\-7! + (gz*'tz) ‘7; .
I:p ‘R’—g’\? fl:?,_ end

5 a sealar, Hon
L kD = k(9 + £3) = (Ls)V, « (LE)V,.
3.V +EV
Z =5V, +tv, TCM W o - mLspﬂu .ﬁ "Z.';.
Example 4. The set W of all points (z,y) in R? with z > 0 and y > 0 is not a subspace of R?
Ts b 3 doed wwbe addibon, but s wnof
dowd  wuder scaloe malhghealion

35. -(2:(‘:') is iw W , Lu"‘

~l w = (-l,-l) is ".‘i'- A W

%) v\_i“ o YMIJCPALQ ocp (EI,

Subspaces of R2. Subspaces of R3.

T XEL

s Hemagn e origin s oo Ho oy
2 . PlW\LS “""OV\SL u‘L oﬁﬁv‘w

- R . R
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Recall that M,,, is the vector space of all n x n matrices of real numbers.

Example 5. Let W be the set of all symmetric n x n matrices.
(a) Discuss why W is a subspace of M.

—TIN.— Shama Op l‘wo Mww"'h‘ﬁ Mal'h"tcs e a i‘smn-e_l'ﬂ’t mlw‘x, au.ol

a sm!ar mu”—-"oll. ] a thml‘f"c Ml-n‘x S

—nms W s a S'ubgf)ace op Mv\n.

gamv\-.l. l‘f‘l‘( .

(b) What are some other subspaces of M,,,?
- oQiagpv\aJ merl‘cLs .
- upper -I-n‘anﬂu‘ar Md"‘ﬁ‘cts .

- |0w¢r ,rh‘awxsu\ﬂr ML“"C'-&

Example 6. Let W be the set of all invertible 2 x 2 matrices.

(a) Find two matrices A and B in W such that A+ B is not in W. (What does this example show?)
Ae[o] ad B[00 0] o i w (bemne deb o),
ok A+E: [ el % meb W (ble Ab(4+7)-0).

'TLWS W s r\t‘ 0(020( wnoler apldfl‘t‘ou, and Hawns o 'S t:\_g!"

—

A S‘vxbg.oate o'p M?-?--

(b) Find a matrix A and a scalar k such that kA is not in W. (What does this example show?)

p):[j, Vois e W (bfe &bAL0), bk o04:{0 T
ot W (W de(oA)- 0) . |

Thas W 55 nob cbsd wndee  sealar  wli o Hne
v owot a sabpace of  Ma.

Note: more generally, the set of all invertible n X m. matrices is not a subspace of Mpy,.

3
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Recall that F/(—oo, 00) is the set of all (real-valued) functions defined on the interval (—oo, 00).

Example 7. The set C(—o0, 00) of all continuous functions defined on (—o0, 00} is a subspace of F(—oc0, 00).

TP 06) anst 3(%) ace  contmuons, Hon oo+ a46)  and ke 060

are a|50 Con '\'v\u.ou.S .

Example 8. The following sets of functions are subspaces of F(—00,00).

(a) C'(—o00,c0) - all «C!‘s P where  H a(u-.\)a‘-\:c

S wnL‘nms .

() Cpcooce)  + all Pos L wlee He Lirst m
prritive
M ¢ an” -‘n"%lf duwakvzs are con'l‘l‘nuous.

(c) C®(—o00,0) q" p‘i‘s -p where eveny dlervalive
+9 % (_oy\huwous.

A polynomial of degree n is a function that can be written

p(x) = ag + a1z + - - + anz”,
where ag, a1,...,a, are constants and a,, # 0.

Example 9. The set P, of all polynomials is a subspace of F(—o0,00).

F(-»,)

C(‘”I“) 1

C'(-°°1°°)

TP plx) and g0 are g0 plyrowials | Ho. PO+ and  leplx)
are bﬂ“’\ Pcl:sl/\pmu‘als. Tt\u; Poo is a s'uLS‘,:aCC Op F(.w,m)_

Example 10. The set P, of all polynomials with degree at most n is a subspace of F(—oo, c0).

:—LP Pb"\' %(XB are Folsumw-’odf w:‘“« dﬂm é n, -"Lu\ P(x) ;-?/ (z) andk

krfy.') a’fe Polaho»ur‘a(s wdu\ o‘l.dru. $n.

aobet  Tf p)= -1x', 002 1420, Hun pla) rqlx) =2 by degree <2,
’Tl\q,; u\., s'(,‘- qp F.a{bb\ow\ia(s wl“« dz&m n 1S 1&‘— a S‘thFﬁCC

$ Floe),
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Example 11. Determine whether each set of matrices is a subspace of Mss.

(a) The set U of all matrices of the form [g 2;] Le{. A= [3' :b] B: [c ZCI Then:

Q+‘B: [&;C 2‘50.-;:)] is T A (‘l‘al({ A=A+, 'i= b'l-d»‘ awd
¥

kA - [ koa 2::] s W (.“l“_ x= ka, :j=l(k)

Ths W 08 a ru'ocpacc op Mu.

(b) The set W of all 2 x 2 matrices A such that A [ ] [ 1 ]

Lot A=[-. ZI U A[z& [\ .,\S[z [1 so A v W,
e[ 2 SABT[AT L = 24 s b oW

Tl'\w W s “_-_';_\‘ c[osd v\uu‘br s’calar mm“hrl"(a‘*‘oh, so 1§ v\_o_,' A
fmlxpacc oQ Mzz-

Example 12. Determine whether each set of polynomials is a subspace of P.

(a) The set U of all polynomials of the form p(z) = 1 — ax + az?.
TP p60s 1oxwnt and g00* |-2x+2%%, Hun pg ax i U
bat  pb0) #q )= 2-3% 3.2 s web i WL

’ﬂt\us A is p\_al‘ a fu’ofp“bc OQ P,_

(b) The set W of all polynomials such that p(3) = 0.

T pg “‘!"’QJ pB)=0 aud 1(?)“-0, Hun
(p+4) (3 p(3) +9()= 0 +0 =0, anol

(kﬂ (3) k p(3) = ko =0.
Thes p*q and l"P are in l/\)’;o W is a 9“1,;{,4& &Q E

)]

5
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Theorem-If W1, Ws, ..., W, are all subspaces of a vector space V, then the set W of all vectors in the

@ these subspaces is a subspace of V.

€ all vechors N ey sabspaces W, W W

a sub

space of R™.

Theorem. Let A be an m x n matrix. The set of all solutions & to the homogeneous linear system AZ = ( is

wlusz 0 A?ﬁz and AR,

)
-

awd. A(k;z.\ = k(AR): k0 = o.

3, Hun AGL+R)= AR, +AR, -3

The solution space in the previous theorem is called the kernel of the linear transformation T4 : R™ — R™.

Theorem. Let A be an m x n matrix. Then the kernel of the linear transformation T4 : R®* — R™ is a
subspace of R".

Exam

ple 13. Describe the geometry of the solution space for each homogeneous linear system.

1 -2 3| |z 0 'TL,_ s.lu\l‘t‘tan space 'S 2% =2s—3l:, 4= s, 2-=t.
(a) |12 -4 6| |y| = |0 a
3 -6 9 z 0 ‘n“‘s s A P‘(_eil. ‘H\muslo\ H\c 0"‘3”\ in

norwal veehr  (1,-2,3).

|
o
-

|
oo

= |0

'22 wt‘u\

1 2 -3 H 0] The solubon space is  x=-$t, y.-&, 2=t

Fafquo.‘ to :?: (’S.)"I ')-

|
ol =
— o~ N
||
N oo w
| N —
N e B
—_ )
I

’l—[\rs is '“AL P?—:\J. al' 'H'\l. oﬁ‘sM .

0 T‘L"S Pt } a |'_\:L "“V‘o-.a(h H-L 0“‘3“\ DS ,zg

[0] "—Lg, Solu{‘l'cw\ S‘Pac«. s x,:o) i.__o’ 2:0.

3
g 8] Fjl = {8] T folul‘mﬁu Space i a" ("l'sz') fn IR ’
0 0] |z 0
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Section 4.3 Spanning Sets
Objectives.
e Introduce the span of a set of vectors.
e Define spanning sets for a subspace of a vector space.

e Discuss examples of spanning sets in real vector spaces.

Let V be a vector space, and let @y, %, ..., %, be vectors in V. The vector % in V' is a linear combination of
¥1,Ts, ..., U, if there are scalars ky, kg, ...,k such that

w:k1771+k2172+"'+kT17T.

Theorem. If S = {1, Ws,...,W,} is a nonempty set of vectors in a vector space V, then:

a) The set W of all linear combinations of vectors in S is a subspace of V. = Spanl S
o . P :
(o, W 35 “spanned” by S).
(b) The set W in part (a) is the smallest subspace of V that contains all the vectors in S.
(This means that any other subspace of V' that contains S also contains every vector inW.)

= -
- - L = -9 -~
Proof of (a). L@l’ s a\w,+alu3!+... tacwr |V F b,w, +byw, +eoo & bebor.

Thwt ZoT = (2,833, » (a0 v o (b,

2 (ka)d ¢ (ka) 3, o v (lar) W

(&,COMSL W is C(OSLA (M‘\A‘-r QAA‘_"""‘ 00\0( se_a‘a,— VA H‘l'o’ tea l-lou\ ,
W s a l’)sfhc 3 o-p V

Proof of (b). 'IP W ’ 15 a S'uLJSPau. op V Hat contamg g’ Hen
W' s C‘OSco( ander  addi ,"0"\ le Sea ‘ﬁf Mu\”‘lfl'“cq'(-io’\ . ‘TL\\M W ’ con‘-m‘» $
au lear combina lwﬂs op vec Lort M ¢ , Se w' Con!"ﬂt’ws W

The subspace W in this theorem is the called subspace of V' spanned by S, and we say that the vectors in .S
span the subspace W.
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Example 1. Every vector in R™ can be written as a linear combination of the vectors €1, €3, ...,¢€p
b " T 1\
Le;" v © (V| . Vg, ---, Vv\) be « V(LC—LO" Y2 IE .

- - -
m _‘7: V|€,+ V’-el* "+ Vpea.

Tab s, ¥ 2, 30,8
i5, vV s n S'Pav\z e, e, -, e’ng .
Example 2.

(a) Let ¥ be a non-zero vector in R? or R®. Describe span{#}.
? .
R M

2 spam 3V 1 d wb o all scalar mulhigles

op v. 'TL\MS S‘Fq.,‘gvf D H—L K,« ,I'V\a

+L\N~\3L H\‘_ ori‘sw\ Pm I hl )lc v

v,

W

17,

(b) Let % and ¥ be non-parallel vectors in R3. Describe span{y, o2}

R 1

‘JA\\L tw ‘KZ E-W‘j vt_cl-or kl‘;?l + k!-\?l l"CS T l’L\n, Ph“‘"
=
'\7:. Aekenmined b'é V) owd ’31 ]
-y
"-L\IA.S Span ?i?,, V. 'S 'H'\I. P(WV\L vaks"\ H'\L
.\7 )
] Won‘ﬁm and Paru"t‘ lo IwH,\ V' Q,‘A V.
Example 3. Every polynomial in P, can be written as a linear combination of the polynomials 1,z, 2%, ..., z".
T all PoluwWalS ,p Jaﬂm &n,
Le,(— P(ﬁ)’- Qo + AN + Ay x* ¥ - 2

SRR K- 2 &— RrLr‘"ﬁlﬁj Folaneum'ql tm R
o () + . () +a () o+ an(x).
(n\us P(:Q V5

in 9?&!/\?"7('1?'--.,“";_
M‘-\ére P“ = Spav\gl, X,ui,._-) 7("?_
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There are two important problems we can ask about spanning sets in a vector space.

e Given a set of vectors S and a vector ¥, decide whether ¥ is in span(5).

£ o O b welln as a

e Given a set of vectors S, decide whether span(S) =V.

Example 4. Let 4 = (1,2,—1) and ¥ = (6,4,2). oo "°"'\L‘\‘\“'L"°"‘ °p

V&‘Qﬁ A, S?
(a) Show that wy = (9,2,7) is a linear combination of  and v.

The e;tualn'om (q,z.") = k, (h,2,-) + kg (6,4,0) s utw‘\/alwi’ o Ha
“'V\La-r 3‘63‘1"’\: q = le, + bk, ) 2= 2.“1 "'"l‘t, 7= 'k, +Zl(z_

TL;; 5'1391'%« has Solul“""“ b, = -3, hy =
' A
Thas  ®= -32 v2v. (6 & 5w a2, di )
(b) Show that % = (4, —1,8) is not a linear combination of # and 7.
’n\-& %K“LN“ (Ll‘ ’l, 9) = k, (',Z.-) + h‘l( 61"1 2) 3 %“"vql‘“l- L" +L"
l“Nﬂr <vla9l‘QM B 4 = kl + ‘41' -1 = 21(‘ + L(“z, g: ’&| 4'24,__

TI«“S fl'yLw\ s "v\ConsrsLeJ- (J.e. no S'olu“'\»\s!”)' So ;:1 TS m,'—

. -
o \|\~o~r wmh‘u*-uh ,Q 2 au\p( 3 , (i.g_ {:',1 s w_n_" in Span i’u?, v i)
Example 5. Determine whether the vectors @ = (1,1,2), %2 = (1,0,1), and 93 = (2,1,3) span R3.

We need to decwle wheler  eversy vechor (b, bi,bs) W5 s span 3V, V35
(‘b!)bz)LDZ) - l(‘(','.'Z\ * kt("o' |> * L3 (2,"33 : (k' +k1*2k3'k“.k3l 2’(..+L2P3A3)

Thes s %W"“l‘"} o He Inear cssl-u.\'-

l¢-| + kl + Zk's ;Ll { ! z ke, b,
ke y t kg =bo => ' o '3 ke [ o] b
2, Fhy+ Zk; = by £ “ 3

- -

’Bec“m 0!2,4'[2" z-g = O (cL\ulL H«rﬂ”)) Hog 9'391'*“ r¢ tnconsrsbenl
Qr Sone  chores 09 lD, . L., , lo; . TLVLS Span ZV, , vl, 312 . M;‘_ \Zg
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Strategy. To determine.whether the set S = {1, ..., } spans the vector space V:

- choos an arlm‘\Ln»nj Veclor ?7 AN V
- Sd‘u‘o a "'war S’SSLM Q‘ow 3=

-
klbj‘ + - 4+ l‘rwr >
‘ -

- O{QJ-’AAQ wLLHu.r \-L., |(‘v\w gldetM 3 cOv\grSLA" -Qf gll \BT'N V
Example 6. Determine whether the set S spans Ps.
(@) S={1+z+2%—-1-x2+2z+z%}

Led P(x) = a+ bx+ et The %ML“W\

o + bx+exnt = b, (l ex+at) ¥ kl(—(—x\ ¥ k;(z +2a+ 7¢-z> is eiu:valu\j'

k‘ - [{z + Zt(; =
h-[ - l(-; + Zk3
e, v by

[ -1 2
T
| o |

Becanse = 0O, 'Hm.

n o 9

;.69(1«« s .‘utc,meSL-«l \Qr S’ou’a_\_.e CLon'ce,s ep
/'[\ULS S AOQX’——__V‘_\__DI’

a,b,c.

[ 4

$’Pow\ (‘72
(b) S ={z+2%2x-2%1+z,1—z}
Lot pCu)=a+‘ox+¢7¢1. The eq/yuu"v‘(w\.

o +bx +exnt = I, (x-«-x‘) + k,_(x—x')+ k;(“’?l) +kq (("7(.)
) Qq/w\ld[t.n" I'o Hq. It‘w S‘SSLM

k, l'l(q T O (2] o | { leq :
oty kg -l = b =) T R [ 2 e\
‘t' "kl c Pt ° e ke,

; o) - +bte
TL\L rl‘ep Qf‘ 'HAA‘S fldﬂ#tu.\ [3) IO |° Z o . fg,-c
e o 1 - i
T[\n‘s S coucicto\)' C.— ‘.L” ch‘cc,g op ab,c

4
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Example 7. Determine whether the set S spans Mas.
os-{BIRgLaL Y w AL2E]
BRI A R R RS IR R

a = k‘ l—le 4 lLs ¥ k,‘ ‘ | \ ’ k‘ - A

b o= by Hly N

==> z 3 k" = [4 o U ! ey .

c = ey * le, o o | hy h

d = b vk ¥l b e ][y :

Coroa

&cuuu 3 : 7; =-2¢0 P ‘Hm‘? 5'63104‘4 s cov\slsL_,\J'
( °

{
Q,._ 5&[ choices ,p a b, cd. 'n\u.s span {SZ z mzz-

o IR w2,

[: ‘ﬂ: k‘["’ - ”“ﬁ ¥ h,[‘; 3341“,[}" :_S

| I o
m‘ -Eecawsr. ‘ :; ? T ", =0 (21 ’£q> H'\FS . YSS"-«« s
° o o |
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Section 4.4 Linear Independence
Objectives.
o Define linear independence of vectors.
e Determine whether a set of vectors is linearly independent or linearly dependent.

e Define and apply the Wronskian to determine whether a set of functions is linearly independent.

Let V be a vector space. A nonempty set S = {@,%s,...,U,} of vectors in V is linearly independent if no
vector in S can be written as a linear combination of the other vectors in S. Otherwise, S is linearly dependent.

Note: If S = {¥} contains one vector, then S is linearly independent if 7 7 0 and linearly dependent if 7 = 0.

Theorem. A nonempty set S = {#, 7, ..., 3.} of vectors in V is linearly independent if and only if the only
solution to the equation

k1171+k2172+"'+kr77r=6

iski=ky=---=k-=0.
Example 1. The set {&,é3,...,€,} of standard unit vectors in R™ is linearly independent.
- - >
’gecauiﬁ k| e, +k1ez+"' + kneu = (kl|"1; ) k"‘) ; H‘\L 00\'3
ks b k2 ko= o - iz ©
Solutow &y k- + wein = O 'S l(‘ =0, ’L-L’o,"‘, w® >

(H:\WS gz,, SN Z,\E Y ‘\w“ \‘v\wl in |2n

Example 2. Determine whether the vectors 1 = (1,-2,3), U2 = (5,6,—1), U3 = (3,2,1) are linearly

independent in R3.
- - -
WY+ BT kv = 0 2 L (143) rky(56,-1) +hy(3,2,1)= (0,0,0)

k, + Sk, *3ky =O

o el 2k 20 D laa-ib kit ket
Zk, —k'l "'IL“ -0
®\ v 5 3] =
or - -7 6 1 -%0.

—n\fS ;Bgl-tw has v\ou—'Ler‘a‘ Solu"ﬂ)ﬂs‘) 3 - |
So ?, '71’ j-s ae ,'wf(3 A;PW-L
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Example 3. Determine whether the vectors ¥ = (1,2,2, 1), 7 = (4,9,9, —4), 73 = (5,8,9,—5) are linearly
independent in R%,

LY, v Ve k% =8 = (6200 + k(6490 + ks (5,89,-5) = T

=-> ZQ, + ”Ucl + gks O ==> b‘l -;o, k‘l '_O' l(;"_o

LQ' + qkz + q l(s (o N_"
-k, -4 W, - S‘ks = O Gaussian d"wwl‘-v‘ov\.

(V\E_!'&" Cawvw" wnwe AQ}C{‘W\I'V\MJ‘) be canse oo
coefflront wabrin 5wk szuwc)

‘TLMS 7‘ —‘71 -\7: ore ‘s’W(S rv\da,';mally\i',

Example 4. The set {1,z,2%,...,2"} of polynomials in P, is linearly independent.

I‘P ao(‘\ + al(") ra, (7‘1)+"' *an <"K“) =0 ) Hu.n. Qo =4, = -~ ca,=0 .

’n\us gl,x,x’, Sty ‘)(“‘i ts |t‘\~eﬂtf(ns \‘nﬂ(apey\o&v\l' i R

Example 5. Determine whether the polynomials pi(z) = 1 — z, pa(z) =5+ 3z — 222, p3(z) = 1+ 3z — 2?
are linearly independent in P;.

L\ e ("‘) + h—‘t P2 ('d.) + k} Pg(x) =0 =) lv.‘ (‘- x) + kz(§ +%¢ "7.7:.‘) ¥ k;(l"';"'xz) =0,
ke, + Sk, + by =0 (Q‘Ou,‘ conthant ‘-crw.s)

::'> - [L, “'3’(7 + 3’(3 =0 (qu..\ Weor Hrw-q)
"21(1 - le =0 (C‘ﬂw\ WMAML\ Ms)

{ s |
‘geco-uu. -3 3 : 0 Has 963‘1_,,“ has  non-trivial Solutons .
o -2 - ’

Tlodbre, PO, P20, P Y e linancy  depudunt-
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Theorem. Let S be a nonempty set of vectors in a vector space V.

(a) If 0 is in S then S is linearly dependent.

(b) If S contains exactly two vectors, then S is linearly independent if and only if neither vector is a scalar
multiple of the other.

. R=k?¥ & G are lweady olepedent.
~d L]

Example 6. Recall that F(—oo,00) is the set of all functions defined on (—o0,0).

(a) Show that the functions f(z) = x and g(z) = cosx are linearly independent in F(—00,00)

C(x) 'S Foa scalar W\M”‘“Ptﬁ "p 3("\ , So £ aund Q

are \‘\W"ﬁ Mollfu'\OQA* " F(—”o ;a’) -

(b) Show that the functions f(z) = sin2z and g(z) = sinz cos z are linearly dependent in F(—00,00)

-C(x\ = stnlx = 2 ghax cosn = 2 ﬂ(x)
&Cau-% p is a ¢ealar WW\H‘JP{L oo q, Ha Q/.y\c’-m“g .p
ad 4 we Imeady depdent W Fl-o0,m).

The second condition in the previous theorem can be interpreted — and extended — geometrically as follows.
e Two distinct nonzero vectors in R? or R3 are linearly dependent if and only if they are parallel — that is,
they lie on the same line.

e Three distinct nonzero vectors in R3 are linearly dependent if and only if they lie in the same plane.

2 A R" A 2 A

-
v

<y

S
v

)
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Theorem. Let S = {#,%s,...,7,} be a nonempty set of vectors yeesers in R™. If » > n then S is linearly
dependent.

’ﬂ\is S'ags “Aal— a |.~.,M,l(A ;ndxFey\oleI- S’Cl— tn IIZ“ Cov\‘"ams
ab most vectors.

QS. Z(O‘l\ ; (2,"‘3, (',Z\E is 'l‘lN.N’ﬁ dgfgp\db\" ta (Ez
Aoy + (2D ~2(1,3) = (0,0).

Our first methods of solving a linear system involved reduction of the coefficient matrix to (reduced) row
echelon form. The next example demonstrates a general principle about matrices in ref and rref:

TC an G«usme,v\l‘tdv mabx TS P&c (rreﬁ Hu He set orﬂ

nole *

nwonterv ows s

1 a2 a13 aue
Example 7. Let A= |0 0 1 ag|, and let 7 = (1,a12,a13,014), 72 = (0,0, 1,a24), 73 = (0,0,0,1).
0 O 0 1

Show that the equation ¢177 + coT2 + €373 = 0 has only the trivial solution ¢; = ¢2 = ¢3 = 0.

- g -
| = =
C,F, + Gy *Cgry =0 c,(l,a,z,a.;la,,,) +c,(o,o,(,au,)-pcs(o,o,o,l) = 0

C| O

= ca -

"‘) 1" = O = c, ':_0, Cz=0, Cz“o
Ciaz3 ¥ Cq =0

C\au‘ * C.la-u_‘ J-C" =0

‘TLM 't?, , Pz , F'? are "'Nar'n v‘b\w.
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Given functions fi(x), fo(x), ..., fo(z) that are differentiable n — 1 times on (—o00,00), the determinant
B! Ew; fx) - falz)
filz falm) - fal®) .
W(z) = 1: 2: : dficondale ! s

f"‘”(aa) fé"‘i)(x) e U

is the Wronskian of f1, fa,..., fa.

Theorem. If the Wronskian of the functions fi, fa,..., fn is 2°=t identically zero on (—oc,00), then the
functions are linearly independent.

note:  The  comverse iy ot bt
That s ;,C W6y = e Qr— all o, Huy\ Q'---,Cn ould ke

L4

eitlar  lowarly solepedant or el dlopemolunt-
Example 8. Show that f(z) = z and g(x) = cosz are linearly independent in C°°(—0o0, 00).
£ ) 3("\

WG = 0y ay|

w coSx

I -l T = Sine - CosSH |

Becanse WGy s V\,_o_“ tolmkcaNS zero (eg. \M(O)‘-—l))

.C (=) awd 3(u) ase |rm,|.3 smolepen s

Example 9. Show that fi(z) =1, fo(z) = €%, f3(z) = €7 are linearly independent in C*(—o0, 00).

2’ 2%
| e e o 2 n
- e e 3 2 T
W(ﬂ\) B 0 e™ Ze™ : e® hot™ : be - 2e = Ze
o e™ 4

T WO 15wt dubrally  zew (e w(e) 2 2)

‘H&. puuCl‘iDHS f Q:Cb are "W’iﬁ M.DIJPAOLU\J' tta C (—m,Cb).

i
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Section 4.5 Coordinates and Basis

Objectives.

e Introduce the idea of a basis for a vector space.

e Find coordinates for a vector relative to a given basis.

A vector space V is finite-dimensional if there is a finite set of vectors S that spans V. Otherwise, V is
infinite-dimensional.

Let S = {#,7,...,Tn} be a set of vectors in a finite-dimensional vector space V. We say that S is a basis
for V if the following two conditions hold.

e SspansV e, EU_Cfﬂ VuLUf n V i a L‘Mﬂf‘ comh‘v\a"lu\ 0‘0 leofs NS S

—’
e S is linearly independent  j.e, EC k.;?. + L,Vl yoor b l‘”‘\'}“ = 0 Hyn e, =ky=-ck,=0.

Example 1. The set|S = {€1, ¢, ...,€r} Is a basis for R®. | w "
P G Glfsabass r R ot ok by fr R

From  Examge 1, Sechm 63, R = span($).
Frow E)lm'okl’ Section b-q, S ((‘v\m"s !‘hAefﬁ\o(Ml'

TIMJ‘QQN' S s a bAﬂ‘S Q’r R“.

Example 2. The set|S = {1,z,22,...,z"}is a basis for P,. . .
a—— “slandorol bacn Pn P.‘

Fo Eoagle 3, Sabon &3, P = span(9),
F-v,“ Example 4, Sechion &-4, S |ﬂ-ear(.3 \u\p((fu‘plu\l-

(n\u-e(\'or(’ S S a basts Qr PV\ .
Example 3. The vector space Py is infinite-dimensional.

IC g={?':PH"':Pr§ is & 'BML 9/"' ‘p P”S“”"“"l‘, -l'LU\ ldmg cov\l'ﬂms

o=

a Fo[‘ymw‘a‘ oQ AKX ArA 0'-‘5'“ y SAY Azﬂrea n, Then any lncar  combinabion

A+l

oQ Polﬁucm‘sax has stru, at ms"' n. Tl""‘s we C“__;"_';"l' eXxpress X as &
\wear “Mbi‘v\ﬂhah ap FJSMM-‘a'S tn S', so S AOCJ M,' S'rawx Pm .

chl, Pm Ny -‘V\QMIL(’ d((‘mr\s'f'bm( .
1

nﬁ’ Flo,o) © alo bk - dwensional.
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Example 4. Show that the vectors & = (1,2,1), 2 = (2,9,0), @i = (3,3,4) form a basis for R,
o bnear Mdtpwdl-ncii . S"Ev\vu:g sl !
% c,?, + c,?, +C;v.‘ : o . Han L b - XA *Cg-‘?; =(LI,L1,53), Hon
¢ +2¢, +3¢y =0 C, +2¢cq + 3¢; = b,
2¢, +4¢, +3¢g =0 2¢, +9¢, + 3¢5 by
C, tbheg =0 - c, +bcy =bg .

0.oM
Lo W

I
&cans‘c AL"I:% ]:—-l#O, e L\omgy\ews s:js"zw\ has 45_.3'3
b bl sldion (3 T e Deady ovbpileb) ad f
v\ov\L\nw\,o%nm3 3 C,,hg.-g‘-m'- ,Qr a” vec\(org (’o,,bt,b;\d 1% m;.

Threloe, S $3,,9, V8§« bam e .

. 10 01 00 00 .
Example 5. Show that the matrices M; = [0 0], My = [O 0], Ms = [1 0]’ M, = [0 1] form a basis

for the vector space Mas.
. -l_ll\m,r indapendimnce ©
© o ¢, Cg © o
oMo Myre e, [° °] , Hhen [c, C«]=[° °].
T[«.us ¢, =0, €2 =0, ¢y 2-0, € =0' So MI’MNMS,MQ ase '\‘W,‘Q MML

. geav\m‘ne YJ'“ a b c, Ca a ‘b
TEQ C‘M.i' C,Mz{-c;M;‘-CqM = [c 41 H‘""‘ cy € "le d]-

4

’Fﬁk\‘v\s C, '—A' €2 =b- <y =¢, Cl' :d S'a.h}ﬂ!.’ H”” %Mkmﬂp Se mnml; M“,’”‘l
Spas M’L‘L .

TL'IQO""( S=3 M, M, Mﬂ s a oass B M.

4 “clondad  basrs for My
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Theorem. Let S = {#, %5, ..., U, } be a basis for the vector space V. Then every vector ¢ in V' can be written

as
17=6161+0252+---+Cn6n

in exactly one way.

Proof. (Bew,usc S 5 a basis Qr V, evasry veo"o" " V on wd“e"\ as  a
\ﬂ—u—or wmb fv\u‘hw\ oQ VLC‘orS P S .
S..PPQSL .\7=C“\7| "'C{\?z LR +c.\‘\7.‘ gt_r\_d v=d|3«+d1?1*"' "‘dv\.‘Z\
m 8 = (Cl—d|)?l + (C‘l'dz\vt""' t (C,‘.—d“) :7'\.
(&umw. S v IMM_N'S MAARKD“M"', wie l\ANQ Cl"dq"o, CZ‘AZ.:D, eE Cu-ol, = 0.
Thws ¢ =0, cy=dy, ==+, ¢, 2dn.
T, T U can be walen ot & leer cocbiabon off He bags C

(7N aneHﬂ one woaj .

The numbers ¢y, ¢s, . .., cpn in this theorem are called the coordinates of ¥ relative to the basis S. The vector
(c1,¢3,...,¢cn) is called the coordinate vector of ¥ relative to the basis 9, and is denoted by
(ﬁ)S = (617627 e ,Cn).

I'p S’g?, )vll'-‘) ?“i ’ +L"v\
7 = c\vl *’ctvt Yoo ¥ c'\vvx <=> (“7\5 = (c') Cz, --"C.‘) .

Example 6. Consider the standard basis S = {&, €2, €3} for R%. What is the coordinate vector for ¥ = (a, b, ¢)
relative to the basis S7

Vv =(ab,c)= ac, + be, + CZ-, , Se <.\.7)S = (a,‘:, ).

Example 7. Consider the basis § = {(1,0),(1,2)} for R2. What is the coordinate vector for ¥ = (—1,4)
relative to the basis S7

2(-1,68) = -3 (h0)+2(n2) , s (7)5=('3/1)~
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Example 8. Find the coordinate vector for the polynomial p(z) = ag + a1z + asx? + -+ + apx™ relative to

the standard basis for F,.
P("KB = a,,(!) + a, (=) + al(x‘h--- + a,.(-u") )

to (P(’A)S = (Go, a,’ QAq, - q“) )

bJ relative to the standard basis for Mas.

Example 9. Find the coordinate vector for the matrix A = [ d

NI I BN I CESRPTE)

o o

5o (ASS = (a, b, e, ol\.
Example 10. Recall from Example 4 that @) = (1,2,1), 02 = (2,9,0), ¥3 = (3, 3,4) form a basis for R3.

(a) Find the coordinate vector for 7 = (5, —1,9) relative to the basis S = {1, U, U3}.
F""W\ (S)"’q\) b C.(I"l, ') ¥ C (z‘q,o\ + Cz (?,3,‘4), we oH‘m‘u\

+ ZCI +?C3 =§

Cl
2¢, + e v+ 3¢ = -]
C, +4C3 = q

TLL folu“"ﬂn s
Tharefore, (W) = (1712,

(b) Find @ given that (@)s = (—1,3,2).
- g )
v+ gv’,_i—sz; - -\(I,Z,l)-r's(z,q,o)-f-2(3,3,44)

= (2 7).

—

A—
W = -
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Section 4.6 Dimension

Objectives.

e Define the dimension of a finite-dimensional vector space.

e Relate dimension to span and linear independence.

|Theorem. Every basis for a finite-dimensional vector space V' contains the same number of vectors.

The number of vectors in a basis for the finite-dimensional vector space V is called the dimension of V', and
is denoted by dim V.

/_\g_li.' ip \/zg_gz , ('Lu.y\ oll"w\\/ = 0,
Example 1. What is the dimension of each vector space?
= 2 -
(a) R Tle S(‘MMM bacry s ge,, €y, -, Qng .
Tl down (R =10,
(b) P, —n\._, y(.”\h,v( basty S E | R xﬂg '
Thas Adun (P“) t ntl,

d.‘w\(any T Mn. ey, [2 :9 ;] s n Ha  standast basrs
Gr M.

(c) Mpn

Theorem. Let V be a finite-dimensional vector space with dim V' = n.

1. If W is a subset of V that contains more than n vectors, then W is linearly dependent.

2. If W is a subset of V that contains fewer than n vectors, then W does not span V.

Example 2. Suppose that S = {#h,¥2,...,7,} is a linearly independent set of vectors in a vector space V.
What is dim (span(S))? Why?

S is l.‘y\culs -‘VJLP!MA“J’ R Mi( S SPO\v\s Tpan (S) . (n\ﬁ'S nA2ni g "L\a’l'
S he a baﬁ‘s Qr S‘Faw\ (g) , so A"M (S'fa»\ (S)) =1,
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Example 3. Consider the linear system below. (This is Example 5 from the Section 1.2 lecture notes.)

zq + 3z — 223 + 215 =0
221 + 639 — By — 224 + 425 — 316 =0
5xg + 10x4 + 15z =0

221 + 6x9 4+ 8z4 +4z5 + 182 =0

The general solution to this system is

T =-3r—4s—2t, xy=7r, =x3=—28, T4=5, x5=1, Te=0.

(a) Write the solution in vector form.

K = (-3c-4s-2¢, 7, =25 s, ¢, 0)

C (-3, 1,0,0,0 o) + s(-a,o,-'z,\,o,o)+ é(—z‘o,o,o,“o)_

LY ) Ve
(b) Find a basis for the solution space of the system.

EV% \IQ.CI'OP —72 A H‘L S‘oleOu\ SFACQ. is a lvear c0le'ML10K OQ
(—'S,l,o,o,o,o\, (-4.0,-2,1,0,0) ('Z,D, ",’,',o) , and  Hese vachors
ofe \w\.ear(.j mofgpvvb.nL (n\ws E C—;,t,o,o, 0,03' C-Q'O’—-‘L,l’ o,o), (—z,o,o, o',.ojf

. basis - He solubrow space.

S a

(c) What is the dimension of the solution space?

T[Au-e, ot Hree vecl'w‘s . any ba‘-‘"‘, So Hao Space

hot  Amaenglon 3 |
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anion” (e addk ¥ o He =FS).
— /
Theorem. Let S be a set of vectors in a vector space V. /

1. If S is linearly independent, and @ is not in span(S), then S U {4} is linearly independent.
.e. G.Mhs“\lec"’f OMI‘M S'PGV\(S) does Mt c,!‘ ll'vx(‘“r \‘HAIPMM .
2. [f #isin S, and ¥ can be written as a (nonzero) linear combination of other vectors in .S, then

ve V . S i
span(S) = span(S — {¢'}). reene v

ie. rew\o\ﬁv\g ‘l-wl3 JLP..A';J' w_c_"ors does gg_"‘ amz\L S’Pav\(S').

Example 4. Explain why the polynomials p(z) = 1+ 3%, q(z) =2+ x2, r(z) = z* are linearly independent.
() and 1(:&) are lz’mar'3 -\aallptwlha’ (MJu-ur Yo Mn”‘i‘p(l &0 Hee ol’Lw.r).
Ao, > s wob N span $ p0o), 309 | bcause = 5 cubr  bat p,q are

%u\ndmk‘c . ’n\us {Pfx.\,i(z\.r(x); T lw3 WW(‘FMA'J‘

Theorem. Let V be a vector space with dim V = n, and let S be a set of n vectors in V.
had) —r
%wa”.’!

1. S is a basis for V if and only if S is linearly independent.

2. Sis a basis for V if and only if S spans V.

Example 5. Explain why each set of vectors is a basis for the given vector space.
(a) @ = (1,4) and @ = (3,—2) in R

V. ok Vo e agh tmendy  olepodod, and don(RY)- 2.
'Tku zv:,vzi s o Lasrs Q,.— mz.

(b) % = (1,0,2), % = (—1,0,1), and 73 = (2,—2,3) in R®

'\7( ondk 71 are kw"ﬁ -\J{‘amp(ml- in He x%»P(o.v\e.,

becam s Hae ca—coﬂd. 'S io
-
Reause ¥z 5 meb in e we-pane (ve Py 0 oweb o span 19,%8)
)

He st Z?“?,"\?;S is "'“““"‘3 .».A:.,w«i-q}
Mo, down (R 23 50 52008 is o b L B

? '
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Theorem. Let V be a vector space with dimV = n, and let S be a set of vectors in V.

1. If S spans V but is not a basis for V, then S can be reduced to a basis for V' by removing some vectors.

2. If S is linearly independent but is not a basis for V, then .S can be enlarged to a basis for V' by adding
some vectors.

Example 6. (a) Find a subset of S = {(1,—1),(~1,1),(1,1)} that is a basis for R?,

&M(‘Rz)-.z, So we weed oo veekors th S b QM“ basts
'ﬂ.n, vw(‘ers ('.") and C‘:') are I"qulj Mﬁl-('uy\o(mt

'n\u\s Z(l,—l)'(l”)} s a basts Qr "Zt
wer FCu0, 00 5 ke e bes e Y bud
S0, CUE 5wk a b for 2 (why?)

(b) Enlarge the set § = {(1,1,0),(1,0,—1)} to a basis for R®.
Lo¥s L"‘B QM\AS (1,0,0) b S.
k, (1, ,0) + ky(t0,-1) ¢ k;(',o,o) = (0,0,0)
= (kyvky thg b, -lky) = (9,90)
=k =l =ky =0
s Z((,1,0)'((,o,—l),((,o,O)g s ety w(zpodm} ond  conbnrng
Wee vechrs, 3o Hus ©oa bess for 127
".‘L‘i {('.'.0),0,0,-'),(o,l,o)§ and  §(1,1,0), (1,0,-0), (00, ) ase alie bass { IIZ?,

Theorem. If W is a subspace of a finite-dimensional vector space V/, then:

1. W is finite-dimensional.
2. dimW <dimV.

3. W=V ifand only if dimW =dimV.
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Section 4.7 Change of Basis
Objectives.
o Introduce the ‘change of basis problem’.
e Define the transition matrix for a change of basis.

e Find the transition matrix for a change of basis.

Let B = {v1,...,Un} be a basis for a vector space V, and let ¥ be a vector in V. Recall the definition of the
coordinate vector for ¥ relative to B: .
1
- - - - o4 €2
Vvt v, oe + Ca Vi <=> [V]E :(CHCI,"',C-«.\ : :
Cn

The set of all such coordinate vectors for V is a function from V' to R™ called the coordinate map relative to B.

e, for ench veelor ¥ V  ad exch buns B "2’" V, Hee s a
ewordomale  vecher [‘3}‘8 in IR“.

Sometimes we may want to change from one basis B for V' to a different basis B’. Thus we would like to
know how [0 and [] 5, are related.

Suppose that B = {iy, iz} and B’ = {if}, i3} are both bases for V, and that ¥ is a vector in V.

Lk [ [C] [l [4] , ek [V] - [t]

ﬂw.v\: —U?-, T a_-(z" + bdz, and 71 = C :.' + ’(:z, , S
-\-I’ s k| ?‘u + k,”uz = L| (au,' + 5:’;) ¥ k-‘ (Ct-zll + alaz’) s (L,a+kzc :.'-i- (k‘L +k10{> :,’
N P B R R R
: v = = N \)
“ B’ e b + k4 b A k b d g -

-‘-rmg,*l-uo\ m“n‘)& ‘C'UM 'E to BI

Paos = 21, [21,]
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Ehange of Basis Problem. Suppose that B = {iy,s,...,4,} is the old basis for V, and B’ =
{a@,, @, ..., i@,} is the new basis for V. Then the coordinate vectors for a vector ¢ in V satisfy

[1713/ = Pp_.p [ﬂB

where Pp_,p = [[l1]p [fa]p -+ [dn]g/] is the transition matrix from B to B’.

The columns of the transition matrix are the coordinate vectors of the old basis relative to the new basis.

Example 1. Consider the bases B = {(1,0),(0,1)} and B’ = {(1,1),(1,2)} for R2.

(a) Find the transition matrix Pp_,p from B to B'.

R, (0= 20,0 -(1,2) = 2w “’ 7 ‘U'{z’ | e [-uz.],s,

) "
| pm— 1

' - n
= - ——l
—

A = (00 Y= () + (y,2) = W E Ry, % [:zjg’

- - Z -
—n\ns" P‘B—-ns' = [[“'3\3' “‘]B’] c 0 \

(b) Find the transition matrix Pgr_,p from B’ to B. [ ]

((,\3: ((o\+(0|) ‘+;>l % [.»

O LR ET- S N I I

S ]

?z'—»s

(c) Suppose that [v]5 = [_42} Find [7] 5.

[7]1;' = Ve [—‘7113 : -21 "‘ _“l] : -:71_
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Applying a change of basis from B to B’ and then a change of basis from B’ to B leaves coordinate vectors
unchanged.

.e. ['\713 = P‘B'a..B [vlar = P.g:_,ﬁ (P's-n;' [¢13>
- (PB’—YB ‘PB-"B’) [-‘ng = I [VIB >

So P'B'—-)‘B ’P«B_,B' = x .

This means that the transition matrices Pg_, 5r and Pp/_, g are inverses of each other.

Theorem. If P is the transition matrix from a basis B to a basis B’ in the vector space V, then P is invertible
and P! is the transition matrix from B’ to B.

We can find a transition matrix by row-reducing the matrix that has the vectors from each basis as columns.

w © Ll"\s
[«’1.’ -‘:l’l R Wa oo S l: L I p‘B-—-‘:ﬁ']
PN X
b 4 b 2,
New asis ° asd§ , l ]

Example 2. Find the transition matrix Pg_, g/ for the bases in Example 1.

| o llllO] [lOIz-l

Y -1
—n/\u.s Pg__,.sr = [_‘ |I )

Theorem. Let B = {iy, s, ..., Un} be any basis for R™ and let S = {€1,én,...,€En} be the standard basis
for R™. Then the transition matrix from B to S is

l [
I 2

Pp_,5 = [h|i| - |i] -

In particular, if A = [#|%2] - |U,] is an invertible matrix, then A is a transition matrix from the basis
B = {#,%,...,U,} for R™ to the standard basis for R".

3



