Math 251 Spring 2023

Section 3.3: Orthogonality
Objectives.
e Introduce the definition of orthogonality in R™,

e Represent lines in R? and planes in ]R5 using vector equations.

e Project a vector onto a line.

o Write a vector as the sum of two orthogonal components.

In Section 3.2, we defined the angle @ between two vectors % and ¥ as
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Example 1. Show that the vectors @ = (1,-2,2,5) and 7= (3,2,3,—1) in R* are orthogonal.

—J-V'— (\,—'l,z,f).(z,z,?,—l) = ?-4 +6-¢ =0
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Notice that in R™, the standard basis vectors €1, €5, . .., &, are all orthogonal.
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Pythagorean Theorem in R". If i and ' are orthogonal vectors in R™ then
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A straight line in R? can be described by specifying a point and a normal direction (that is, a vector orthogonal
to the line).
I‘p (7(, 5) s Ov\j Ponl‘ on HAL l“"\l L)
LY\ 2=(a,0) =
A 1] o)
(normal deckor)  Hun (%o, 4-u) is oFHogendd o @

= .
Yo - ' N e ('x»xo, 3—\30) = 0
(09 (a,6) - (%o, 9-99) = ©
7‘; % a (x-%) + b(‘d"‘d"):O‘(
or: ox bﬂ +Cc =0,

Example 2. Write an equation for the line in R? through the point (1,4) with normal 7
diagram indicating the point, the normal vector, and the line.

7 ("’ Ho,y-yo) =O = (—2,1)-(x—',5- 4) =0
= 20— + 1(3—4) =0
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The same idea can be used to write equations for planes in R3.
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or: ax+—bb+c% +rd =0

Example 3. Write an equation for the plane in R3 through the point (2, —5,0) with normal 7 = (1,3, —1).
-
V\'(”C”‘v,'j’ja, Z—Z.)‘—O = (1',?’—1)'(1—2,3*-5‘/ 1?) =0
= (1-274—3@3*«5)— 2 =0

=> ,,,_4.3.3_;5 = +(3 0.
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In Chapter 1, we introduced (orthogonal) projections onto the coordinate axes as examples or linear transfor-
mations. We can now extend this idea to (orthogonal) projections onto any line in R™.

Projection Theorem. If @ and @ are vectors in R™ with @ # 0, then @ can be written in exactly one way as
U = Wi + Wa, where 1 is parallel to @ and s is orthogonal to @. Specifically:

- TR . . U 7 S
Wy = projzi = Tale a and We = U — Projzi = @ — TEE a.
-3 -
ﬁl_‘a:’ U\Zl = ka’ and Wy e 5.’ = O ,
—_ - - = - -3 - - -
Ao = Wy ¥Walea = W ra +wy
- 2
= ka-a +vo0 = ku&u
- 2
w:* o
= k== —0= | s
S Hall
— > - -3 < S
-0 . Qa w _ wn-a 2 ;3 _ : Wwe o 2
W, = 74 = T - -
VPR I -1 [kl

Example 4. Let @ = (1,2,3) and @ = (4,—1, —1). Find the component of  parallel to @ and the component
of @ orthogonal to d.
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The norm of the orthogonal projection (of % onto @ can be written either in terms of the two vectors or in
terms of & and the angle # between ¥ and &.
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Example 5. Let L be a line through the origin in R? that makes an angle 6 with the positive z-axis.

(a) Find the projections of & = (1,0) and & = (0, 1) onto L.
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(b) Find the standard matrix Py for the linear transformation 7' : R? — R? that projects each point onto L.
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We can use the previous example to find a linear transformation that reflects a vector/point about a line
through the origin in R2.
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Example 6. Let ¥ = (4,1) and let L be the line through the origin that makes an angle of 7/3 with the
positive z-axis.

(a) Find the projection of Z onto L.
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(b) Find the reflection of Z about L.
cos F s\\az—;-r -3 8 g g_ . —2+€-
3 , 2 ( - -
- - ‘) - ® |
Hy - uw 2 € .|, > H% “ T 3 23 +3
3 s g T s 3 2 1



Math 251 Spring 2023

Distance problems.

The distance between a point and a line in R? or between a point and a plane in B3 can be found using
projections.

Theorem.
1. In R2, the distance between the point Py = (x0,%0) and the lineaz + by +c=10is
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2. In R?, the distance between the point Py = (o, yo, 20) and the plane az + by +cz +d =0 is
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Example 7. Find the distance in R? between the point (1,—1) and the line z + 2y = 3.
A= |, b=2, c=-3
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