Math 251 Spring 2023

Section 3.1: Vectors in 2-space, 3-space, and n-space
Objectives.
¢ Introduce the some terminology and notation for vectors.
e Understand vector operations in R™ geometrically and algebraically.

e Study some properties of vector operations.

A (geometric) vector is a quantity with a direction and a length, often represented by an arrow.
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Two vectors can be added (geometrically) by placing the vectors end-to-end. (This is referred to as either the
“triangle rule” or the “parallelogram rule”.)
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Multiplying a vector by a scalar changes (“scales”) the Iength of the vector without changing the direction.
If one vector is a scalar multiple of another, then we say the vectors are parallel. (Multiplying by a negative
scalar reverses the orientation, but the result is still parallel to the original vector.)
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We can view subtraction of a vector as “adding the negative of the vector”.
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IfIP = (a1, 0a2,...,a,) and Q = (b1, b9,. .. ,bn)‘ are two points in R”, then the vector from P to Q is

l.v\l'L\'Q‘ P.ru" %‘u.l Pmm""
—_
PQ = (bl-a|,b2"a;,"', by\"an).
Two vectors @ = (u1,u2,...,u) and ¥ = (vy,vs,

..,Un) are equal if their components are equal. That is:
-

=
W=V & W=V, amd w2V, and o amd wua =,

Example 1. Find the vector 4 = 1@ that has initial point P = (3, —1) and terminal point Q = (-2, 8).
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Example 2. Find the initial point of a vector w that has terminal point @ = (4,7,2) and is parallel to
v = (—2,1,3) but has the opposite orientation.

ie. chooe w=kV whe k<o.
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\\ 1 P=(&+(-“3,;7H,z+§)=(2,8,s),

Q= (“-7'Z)

Arithmetic with vectors (addition, subtraction, scalar multiplication) is done componentwise. If @ = (uy,us, . . ., up)
and ¥ = (v1,v2,...,v,) are vectors in R™ and k is a scalar, then we define:
- -
w v = (M‘ 1—V“ M1+\/1, - Wi *’Vn)
kw =
wn

(ku, y kug o ku,\)

("M" 'M.l, PRI ,-“V\)

Example 3. Let @ = (3,1,4, —2): and ¥ = (1,-2,3,0). Simplify:
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@a+i= (3,1,¢,-2)+ (1,-2,3,0) = (& -1, 7, -2)

) 3i-45= 3 (31,4, -0) - &(1,-2,3,0)

(3.5, 2,-) - (,-7.1%,9)
(S" 1, o, -6)_
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1L @+9)+d= 0+ (7 +2)
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Properties of vector operations. If i, ¥, and & are vectors in R”, and & and m are scalars, then:

5. k(@+7) = k3 +kd

Proof of 2. Le"‘
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wnw+v =

;’:(u”ul'...,u“) and '\7'-‘- (V,’Vl'..-’v,‘)_ 'n\t.v\
(Mnu‘l,"‘ ‘Mv\) + (VI,VI,"-,VV\)) ,{‘C ,ﬂ vec.‘ﬂr aAAl“bu

z (M‘ + VI, U +V, y oo, Wa +Vn) 2 AML\O“ . IR s pr\wm"*"i“"
= (V‘-G-M‘lVIl-Mz'---'Vn{—un) ')/ M p l'o add“f
. v ' (TIow |
= (VI)VI,"',V’\) + (u|) 'u"-l'“!un) ’ “
- -
=V or o,

Example 4. Let i = (—1,4,6) and 7= (3,3, 3). Find the vector # satisfying 4% — 2% = 2% — #.

b -1 =22 -3 = 23 = 2a-3
2 -
= £ =32 V)= 243
= (-l'L('é)- {(313I3)
§ £ A
= (—ia z, ?.).
ar /_’__________
‘5‘9\/ 2000 ‘ﬁég-':
\{Iheorem‘/lf 7 is a vector in R™ and % is a scalar, then
1. 05=0 2. k0=0 3. (-1)7=-7

Proof of 1. Lt."

'\',"‘—(v,,vz,.-- . Vn )

T‘Mv\’

O:’! = O(VHV,_' T V") * (OV,’OV.,_'.--, Ov“) N (o'ol T 0) - g .
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A vector w in R™ is a linear combination of 7,5, ..., 0, € R® if
- - - -
w = k.V. + kz V1 +--. % kf‘ Vr , wl\yﬁ. kl, "‘l,"',l(r are

sealors.

Example 5. Find scalars c1, ¢g, c3 satisfying ¢;(1,2,2) + ¢2(0,1, —1) + ¢3(3,1,2) = (-1, 7, 7).
s .e. wr.‘l-: (",7,‘7) as &

|n‘v\.¢ar co-«lm‘nq‘-v‘ou OQ (',2,2), (O'I'—f\‘ (3,')2).
’n\is eiuu“duv\ iy eiuJ‘Valut"

Lo ‘I‘Lw_ lmear S‘GS‘\"%
c, * 3¢, = -1 \ e 3 -1
ZC' + Cz + C‘s = 7 e——% yA | ! 1
- A | 2 7
ZC( - Cz + 263 - 7

WQ- Con rep‘m I‘t\rs “O rr{,-p umxl apw.g §- :ywo‘:m a'liwi‘m L"'Jh .

\ o

<
o | : —|\l “ rre,Q. Qr I«,,_a, ;,69L.m
6 © o - .

Tk o

' ¢, =9, Cp=-l, € =72,

Example 6. Show that there is no choice of scalars a and b such that a(3, —6) + b(~1,2) = (1,1)

We weeld o solve He 916?"0\«

Ta-b = | _— ['5 -1 I ' ﬂz+2l2;>
~bo +26 =41, 6 z 1
’ﬂ;un is



