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Section 2.3: Properties of Determinants; Cramer’s Rule
Objectives.
e Understand how determinants interact with matrix operations.
e Introduce the adjoint of a square matrix.

o Apply Cramer's Rule to solve a linear system.

We have several methods for finding the determinant of a matrix. We now want to find ways to deal with
determinants of expressions such as k4, A + B, AB, and AL

If Aisan n x n matrix, and k is a scalar, then det (kA) = k™ det A.

Example 1. Confirm the property above for the matrix A = [g Z] and the scalar %.

dot (km) = Ad( ” :ﬂ) = (ka)(kd) - (kb)(kd)

= k’(ao('bc> = 0(11["4

If A and B are square matrices of the same size, then det (AB) = (det A)(det B). I

Example 2. Confirm the property above for the matrices A = [Z _21] and B = [_3 > }

db A= -G-8 , bk T=é-5 = (’MA)OMB) y

AE:[: —S[—? —;z]: :::Z ;ZT , ALL(Aﬂ:—uz-(—lzo)

1
. . . . -1y
If Ais an invertible matrix, then det (A7) = Tt A
Example 3. Suppose that A is invertible. Use det (AB) = (det A)(det B) to prove that det (A~!) = 3 1A'
e

.T-P A (B MWL‘HQ/ H*W\ A-' QM'S"‘S auol
dot T = ek (AA7Y 2 (b (Lt AT) | 5o 1=t A)(dRHAY).

{

Therelore, b (A7) > 247 .
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For most pairs of matrices, the determinant of the sum is not_the sum of the determinants.
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In general, det (A + B) # det A + det B.

Example 4. Confirm the property above for the matrices A = [2 1] _ 5 ]

dkhA=9, MbB=I ALLA+A,,L@//;{
I
A+'B‘—[;.’ g] et (,4 +B) = _CZ/O//W"' Q{}M“

The one situation where the sum of two determinants is useful is when two matrices are almost identical.

Theorem. Let A, B, and C be square matrices that differ only in row 7, and suppose that the ith row of C
is the sum of the ith row of A and the ith row of B. Then det C = det A + det B.

w[,ua'z wou,f-or MPMM.!!! D @Q_g‘of e;cp.a(ows ow L.
et s Sl s
JQ;" c = ¢q Cé( + Cc;ciz ook Con Cl-"‘ = (a.;, +b,;|\ Cq +(a;1é&f-b;;> 4 ;(_ 3

= a“C,;, + .- +a;,.C.;,\ ¥ b;‘ C" + - + b;_“c‘j,‘ = a(l,""A 3 dp'-’»B )
e —"

0 1 3 0 1
Example 5. Confirm this theorem for the matrices A= |0 2 2 |, B= 0 2 2|,andC = |0 2 2].
4 0 —1 0 2 1 4 2 0
i
T
OQL{.A-_ 0 T 1 =1, ﬂl:z(—s—a\ = - 14
4 ~1
3 o 1 2 z| - 3(2-4) = -6
det B = o = 2| = 3|1t 3( )
o 7 |\
I o | 3 o0 |
dt C = © z | =]e 2 2 |=12 K '\:z(-e_q):—ZO_
& 2 o & o -2 & -z
T
ﬂs‘qes"ﬂz

‘T[\,u.s dek-C = Aok A +ditS.
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The (classical) adjoint of a square matrix A is formed by transposing the matrix of cofactors.
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Cu Cﬂ. o Cia T- i Cu Cet --- Cvu
a-dj A - Czl C‘Z?. T th = C'z sz T Cru.
Ca Cuz '3”le1"‘ L, Cia C’lu - Gaw
Example 6. Find the adjointof A= |0 2 2|.
3 1 0
, 7z 1 12| © 2
= -\ - - .

o -0 ‘ °\ . Cm’(") 3 0 :-(—6):@ Cop==-6
ot = &l oo momr 5 -8 Cr s O
Cy = © Cir = -6 G; = 6

-2 b -6 T -2 { o
adj A= 1 -3 o z 6 -3 -6
0o -6 6 -6 © £ 1.

A useful application of the adjoint matrix is finding an inverse.

1
Theorem. If A is an invertible matrix, then A™! = adjA.
det A

-Cl’ow Ex. 6" 30 z ! © -6 @ @
LS AN AN SR I
3 (o -6 0 6 o o -6

Example 7. Find the inverse of the matrix A in the previous example.

K4 1) 3 i )
o(b{‘A" o 2 ¢ x|l o 2 2 = -6
2 | © o o -

-1 ] o

)

A,!
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Cramer's Rule. If A is an 7 x n matrix such that det A # 0, then the system AZ = b has the unique solution

_det Ay _ det A _ det A,
17 et A 2T et A S n = et A
where A; is obtained by replacing column j of A with the vector b.
Example 8. Use Cramer’s Rule to solve the linear system:
1 +2x3 =26
—3x1 + 4x9 + 623 = 30
- -
— 21— 29 + 3z3 =8 /Ci’_%zcl
! o 2 ( o 2 ' o o
A=]-3 4 ¢ det A= |-3 ¢ o|=|-3 « 12
-1 -7 3 ’ -t -2 3 -l -1 s
N 12
= \ _— =20—(-2Q>=&C|_
6 o 2 £ o 7
A|= 00 {4 6 : dd.A': 70 6| = = 40
3 -1 3| g -2 3
(1 6 2] "6 1
N.:|-3 30 e | ok A |3 30 6= =
-1 4 3 -1 g 3
i i
{ o 6 T - B 4
= | -3 = | % 4 30 = --- = |52
ﬂz 4L 30 ; dL(" AB -1 -2 8
-1z 8
Te (ube D = det 4. 4o _ o
Solntion { { m = ‘l‘( = T
xl - —0_(2«" A( - 72' - -'_Z.
det A @4 T

dot As 152 4
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