Spring 2023

Math 251
Section 3.3: Orthogonal projections in R3
The orthogonal projections of a vector & = (z,v, z) in R® onto each of the coordinate axes are given by:

z) = (,0,0) projection onto x-axis,

T (
projection onto y-axis,

Ty(f) = (Oa Y, 0)

T.(Z) = (0,0,2) projection onto z-axis.

Problem 1. Let # = (z,v, z) be a vector in R3.

(a) Show that the vectors T, (&) and T (&) are orthogonal.
(x,0,9)- (o,4.0)

2.0 + 0-3 + 0.0

@) T

= 0.

s TR and Ty®) e or Urogoral.

(b) Show that the vectors 13 (Z) and & — T,(Z) are orthogonal.
(u‘ o,o\) . (('u,.d,f) - (x,o, o))
(x.0,0) - (0, 4, €)
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(c) Sketch a diagram showing &, T,.(Z), and & — T,,(Z).
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Section 3.4: Transformations of lines in R"

Recall that a line in R™ can be represented by the equation

where T is a general point on the line, &y is a fixed point on the line, and ¥ is a nonzero vector parallel to the
line.

Problem 2. Let T4 : R™ — R"™ be an invertible linear operator, so that A is an invertible n X n matrix.

(a) Show that the image of the line £ = Zy + t7 in R™ under the transformation T is also a line in R™.
=\ _ =
'TA(X) TA(x, + {"\7)

Ta (;za) + ¢ T;(V)
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Ax, + t+ AV,

(&Ca.uSL n 1-20 v oa VQC'Lr

n
" “Z, and AV s a nonzer

VCC"OI‘ n lR“ (S‘MC& A is TV\VC""’UQ\ ) H'\"S ftprc.wnl's a ll"‘\l n IR“

(b) Let A = B _14} Find vector and parametric equations for the image of the line £ = (1, 3) + ¢(2,—1)

under multiplication by A.
IR RS (R RS R B MR A
The  iwage of He lme = (1,3)+ t(2,-) s

He line 2=(9,—¢i) +{:(?,IDB_

The Pamw\cl-r.-c_ exv«al"bns afe xS +3E  and Y= q+lot.
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Section 10.1: Constructing Curves and Surfaces Through Specified Points

Lines in R?

Any two distinct points (z1,71), (z2,v2) in R? lie a (unique) line ¢1z + cay + c3 = 0, where at least one of ¢;
and cg is not zero. This implies that the homogeneous linear system

zey+ yea+e3=0
z1c1 +y1ca+c3 =0
zocy + Y2z +c3 =0

has a non-trivial solution; equivalently the determinant of the coefficient matrix is zero, which gives the
following equation for the line through (z1,y1) and (z2,y2).

T oy 1‘
zy 1 1/ =0
T2 Yo 1‘

Problem 3. Consider the line in R? through the two points (3,1) and (5, —8).

(a) Use the determinant above to find an equation for the line.

x4 |
3 1| =0 = xll Ta-ul® '] |\=O
s -g | -8 1 s s -8

= x(l+?§—\3(z-§) ¥ (—zt.—s') = O

=9 qx+13—2‘1=0
. A

(b) Find the points where the line intersects each of the coordinate axes.

e e -

The e obosecls He axes of  (L0) ad (0,8)

n

(c) Graph the equation from part (a) to confirm that the line passes through the two given points.
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Circles in R?

The same method can be used to find a determinant equation for the unique circle
cl(m2 + y2) + ez +esy+es=0

through three points (z1,y1), (z2,¥y2), and (z3,y3) not on the same line.

Problem 4. Suppose the three points (z1,%1), (z2,%2), and (z3,ys3) all lie on the circle ¢1(z? + y?) + coz +
c3y +cqg = 0.

(a) Set up a homogeneous system of linear equations in ¢, ¢a, €3, and cq4 satisfied by the three given points
and a general point (z,y) on the same circle.
c\(x‘0—3‘) +Cyn C‘S‘j + Cq 20O
C(xPeygl) + G2+ Gy, v O
¢, (xryd) +Cx, +C3Y, + Cq 2O
C,(x;z"‘d;.‘) ¥ Co +C?':jz + Cg O

(b) The system in part (a) has non-trivial solutions. Write a determinant equation to represent this.

'

xt 1 y? o Y !
-x‘z > '2 b4 . ‘
i ‘ 2 . O
AP wy )
1.2 |
Ay l—‘j; Az Yz (,4‘ 6)
(c) Find the center and the radius of the circle passing through (2,—2), (3,5), and E&=8).
AR x 9 u
3 2 -1 !
=0
34 3 s l
§2 -4 +6 |

= SOx? + 100x + S'OST' "200.3 - jooO0 = O
‘;"-5 ')Lz-l-ZsL + ﬂt'aﬂ - 20

= (we)? ((d_zy‘ = 2¢ conle— = C-t,z> , rodins = S

(d) Graph the equation from part (c) to confirm that the circle passes through the three given points.
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Conic sections in R>

A general conic section in R? has equation
az® + cory + c;;y2 +cqz + 5y +cg = 0,
and is determined by five distinct points in the plane.

Problem 5. (a) Find a determinant equation for the conic section through the five distinct points

(Ila yl)’ (:1:21 y2)7 ($37y3)7 ($4, y4)1 ('T’57 y5)'

ny 5" 2> 4 i
xlz %4, ‘5(1 n,y Y !

Xzz ,('!‘jt %t A lAg { O

B gyt g gy
T
Ut 2

< ‘K;ﬂr S{ X Ye i
(b) Find an equation for the conic section through the points (0,0), (0,-1), (2,0), (2,—5), and (4, -1).

LA T S L g

o o o o o |

(v o | o -1 |

A o o 2 o | - e
4 -0 ¢ 2 -5 |
6 -4 ! 6 - {

=) 6O % + 37.'01.5 + 32031-3201. + 320 4 = O

+27(lj+ﬂ1-2x4,23:o

(c) Graph the equation from part (b). What type of conic section is this?

Qa Pml?o'ﬂ m
S At
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Planes in R3

A plane in R® has the scalar equation ¢;z + coy + 32 + ¢4 = 0, and is determined by three points not on the
same line.

Problem 6. (a) Find a determinant equation for the plane through the three points (21,91, z1), (22,92, 22),
and (z3,y3,23).

x U 2 |
x, Y, Z, 1
=0
n, U, % !
Ay Y &; |

x Y z {
2 | 3O
A =>  Ilx + by -12-] = 0.
{ { 2 \

(c) Graph the equation from part (c) to confirm that the plane passes through the three given points.

Spheres in R®
A sphere in R? has equation

a@+y?*+22) +er+ey+caztcs =0,
and is determined by four points not in the same plane.

Problem 7. (a) Find a determinant equation for the sphere through the four points (x1,y1, 21), (Z2,y2, 22),
(51737?;/3723): and ($4,y4,Z4)- 3

7(,7'+|j,z+2,z x, Y, 2, l

7L"+32+32 2

RS E B oy g, 2, | = O
'131"" ﬂ;‘z + 332 X3 Yy 23 [

2
Xy *ﬂq:”"g«.z X Yy Pa

(b) Find an equation of the sphere through the points (0,1, -2), (1,3,1), (2,—1,0), and (3,1, —1).

xt 4,5‘-4-21‘ ®n ) z |
s o T -2 |
i I 3 | { £¥o) =) ‘)tz"z-u + .32—‘2.3 + 2% ¢ g .
< 7 -1 o {
it 3 b |

(c) Graph the equation from part (c) to confirm that the sphere passes through the four given points.



