Math 251 Spring 2023

Section 1.4: Inverses; Algebraic Properties of Matrices
Objectives.
e Learn the algebraic rules for matrix addition and multiplication.
e Understand zero matrices, identity matrices, and inverse matrices.
e Find the inverse of a 2 x 2 matrix.
e Use an inverse matrix to solve a linear system.

Compute powers of matrices and matrix polynomials.

Many of the rules for matrix algebra will be familiar from previous mathematics classes.

Properties of matrix algebra. Lower case letters refer to scalars; upper case letters refer to matrices.

1. A+B= B+A 6. a(B£C)= aB *C

2.A+(B+C)=(A+‘B)+C 7 @ib)C= oC t bC
3. ABC)= (A®)C
CAB:C) = ARt AC
5. (4£B)C= AC:BC 0. aB0) = (aB) C = B(aC)

otC) = (ab) C

Notice however that matrix multiplication is not commutative. That is, AB # BA in general.

Example 1. Let A= E ﬂ and B = E :ﬂ Compute AB and BA.
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The m x n matrix where every entry is 0 is a zero matrix and is denoted by 0., xx.
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Properties of zero matrices. cealar  wmalmx
¥ v
1L A+0= A 3.04= O
2. A—A:O 4. If cA =0, then e;u/.u c=QO eor A=O_

The last property listed above is called the zero-product principle. This is not true for matrix multiplication,
as shown in the previous example
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It is also incorrect to cancel factors in a matrix product.

11 3

pe= [V 5 312 t] Thas BB =AC,
nc=[} .'}[f. fz}[;‘ f] but BEC.

A square matrix with 1 on the main diagonal and 0 everywhere else is called an identity matrix. This is denoted
by either I or I,, (to specify the size of the matrix).

=07, - lzgl]ek

Example 2. Let A — [1 1}, B= [‘31 ‘2], and C = [ 31 _32] Compute AB and AC.

Properties of identity matrices. Let A be an m X n matrix.

L A= f) 2. InA= A

Example 3. Confirm the properties above for the matrix A =

1 -2
-3 4.
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If A is a square matrix, and B is a square matrix such that AB = BA = I, then we call A an invertible matrix
(or nonsingular matrix) and we call B an inverse of A.

Example 4. Show that B = [_53 _23] is an inverse of A = [g g]

w3 395 20=[0 7]
e [5205 5 )0 T

-1
AR=T and BAI 5o B4

If A does not have an inverse, then A is not invertible (or singular).

0 aty e b]
] is a singular matrix. 6:/\299 : A =l e A) .

Example 5. Show that A — B 0

S [+ 21[2 3] - 16 51

Thug: o +0c = *\\ conbradichou !
"4

lb + od = b=o

2a + Oc =0 =

We hae Lud o cddvdichon, so A has o wverse.

Example 6. Show that if B and C are both inverses of A, then B = C.

’gcs GSSMP‘%-’\, AB=T and CA =T, TLQ,,’-
B=1%:=(cA)B:-c(A®) =cT=C,
The previous example shows that if A is invertible then its inverse is unique. We denote this inverse by A~1.

o 22 :[53] G s

Example 7. Show that if A and B are both invertible and have the same size, then (AB)™! = B71A~1.

(A)( 'A) = A(BeNA" = A147" - 447" - T
(w4")(45) = B'(4"4)% - 8"'T® = B'g = T.
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The matrix A = [z Z] is invertible if and only if ad — be 5 0, in which case

A A S [
ad-be | -¢ @
(The quantity ad — bc is called the determinant of A. We study determinants in Chapter 2.)

Example 8. Decide whether each matrix is invertible, and find the inverse if possible.

@a=[5 T @)= (O-(DED < 6-6 =0
A s et iwverhble. (h. A is smsuhr)
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Recall that a linear system can be written in the form A% = b. If the coefficient matrix A is invertible, then
the linear system can be solved by multiplying both sides of the matrix equation by A™1.

Example 9. Solve the linear system. i’

Sr+y =2
dr+y=-2

£ A?Z’=_Q,Hu\
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A square matrix can be raised to any nonnegative integer power.

A°= T, A'= A A= AA, A= AAA

An invertible matrix can be raised to any integer power (positive or negative).
?‘

(A"

Powers of invertible matrices. Let A be invertible, n be an integer, and k be a nonzero scalar.

1. A~V is invertible, and (A1)~ = A
2. A™ is invertible, and (A™)~! = (A"

3. kA is invertible, and (k4) 1= L' A7 = ‘_k A

If p(z) = ap + a1 + agx® + -+ + a,z™ is a polynomial and A is a square matrix, then
- 2z
P(A)- aoI +a‘A +a1A b oeue +a,\A“
2 0 9
Example 10. Let A= 41 and let p(z) = z° —z + 3.

(a) Compute A%,
3 1 o 72 © 2 o -
=[]

(b) Compute p(A).

p(A\=A1’A*3I=[“: T]Z ]"3[ ] 3 3]

Recall that the transpose of a matrix is found by swapping the rows and the columns of the matrix.

Example 11. Show that if A is invertible, then AT is invertible and (A7)~} = (A~1)T.
(AT (AAY s 1T T
(ANTAT: (AT - 1T
Todoe, (AT = (A7
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