Math 251 Spring 2023

Section 1.1: Introduction to Systems of Linear Equations

Objectives.
e Identify linear and nonlinear equations, and systems of linear equations.
e Understand terminology related to linear systems and matrices.
¢ Solve simple linear systems and interpret their solutions geometrically.

o Introduce elementary row operations.

A linear equation in the variables x3, X2, ..., X, is an equation of the form

R%y, + Ay - + Q. A, * b ) wLut '\«01 a" H«L Qa; are Zero,

A homogeneous linear equation in the variables xi, x2, ..., X is an equation of the form

AN+ Ry N, +- ‘\—&«a.\‘x,‘:O, whare an a" uq_ a; are  zero,

Example 1. Underline the linear equations. Circle the homogeneous linear equations.

x+4y =9 W+3X@FZ=3 —3x+2y—%z=0
x1—@:0 xatxntxst+x=1

not I o

A finite set of linear equations is called a system of linear equations (or linear system). The variables are called
the unknowns.

Ay + QK + -0 4 A, X = b,

AW G X b 4k = by

-
"

O Wy + RugXg + -0+ A K - bm
A solution of a linear system is an assignment of a number to each unknown so that each equation in the
linear system is true.

Example 2. Decide whether each set of numbers is a solution to the linear system below.

x+y+3z=0
2x+y—-z=5
(a) x=0,y=0,z=0 (b) x=5y=-52z=0 () x=1y=22z=-1
0+ 0+3(0)=0 § r(-5)r36)=0 | + 2 23(-0)=0
AN +O - O =0 #S 2s) +(-5)- 0= % 20y +2-(-N)=¥
f\v"a 30[“]-,\0“'!, L 'H’\NLS & 90(.4'-.‘0“!: H"fS S a joluk‘om-'!
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The set of solutions of a linear equation in x and y is a line in the xy-plane, so a solution of a linear system

in x and y corresponds to a point of intersection between lines.

Example 3. Solve each linear system, and interpret the solution(s) geometrically.

« add -2xeg! fo 212: 5;\
(a) x+y=1 = |
2 +y=4 7“5_ 1%*3"'
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"L—z =| (g;-z)
- x =3, lwes  tnlerseed ot
(b) x=2%=3 Jd -2xegl o eg2: a anique pomt.
2x—4y =5 s z
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(c) 3x+y=2 » add -3xegl b 912:
9x+3y =26
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The set of solutions of a linear equation in three variables is a plane, so a solution of a linear system in three
variables corresponds to a point of intersection between planes.

Example 4. Solve the linear system and interpret the solution(s) geometrically.

x+y—z=4 (l_[wsa Hm %,M‘L‘ou.s anre e‘puﬂlﬂl'iul‘, o  Haw Jr’am.

2X+2y—-22=8 ( 1A
Onne 8 s Ve & l" L4
Ax + b4y — 4z = 16 P e mme

parsnibee slz:  leb M oy= s zet = xe -s+ b4

Solabton 5 He plane  me-sebrl, yus, 2od.

More generally, a linear system is usually solved by performing elementary row operations on the augmented matrix

for the system.

Xx+y+2z=9 T i 2 q 2x+05—4z:—2 -'2, o -4 -2
2x+4y —3z=1 2 4 -3 1 Ox+05+222 o o i 2
3x+6y—52=0 3 6 -5 0 Ox + yile =1 o 1 o |
\FMM 5'139“4.«\ u%wu_v\"w& an‘;( \

Elementary row operations.
1. Multiply a row by a nonzero constant.
CS. yA o -4 -7 R' — _l_z | o -2 -1 , £
2Ky 2
° ' 7 > o o ! 2 —E
o ! o | o | o [ 3
)
2. Swap two rows.
S
eq. ( o -2 -l R, €8 (I o -2 - ‘g
o o | z > | o« o % 5
o | o ' o o \ 1 -
3
3. Add a multiple of one row to another row. G
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Example 5. Solve the linear system and interpret the solution(s) geometrically.
x+y+22=9 L R, = -2R,
2x+4y —3z=1
3x+6y—5z=0 ( i 2 Q
au%vw.ul-w( wl-nx (4] \ -7, -\
o o i 3
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3 6 -5 0 L@—*R,—ZQ;
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