Math 251 Spring 2023

Section 1.2: Gaussian Elimination

Objectives.
e Identify matrices in row echelon form and reduced row echelon form.
e Use an augmented matrix in reduced row echelon form to write the solution for a linear system.
e Apply Gauss-Jordan elimination and Gaussian elimination to solve a linear system.

e Understand the relationship between numbers of unknowns, equations, and free variables.

A matrix is in row echelon form when the following are true.

(a) If a row contains a nonzero number, then the first nonzero number in the row is a 1. (This is a leading 1.)
(b) Any rows that contain only zeroes are at the bottom of the matrix.

(c) If a row has a leading 1, then it is further to the right than the leading 1 in any higher row.

A matrix is in reduced row echelon form if it is in row echelon form and:

(d) If a column contains a leading 1, then every other number in the column is 0.

Example 1. Which of the matrices below are in row echelon form (ref)? Which are in reduced row echelon
form (rref)? Which are neither?

1 35 01 3 1 0 -1 2 0 4 000
01 2 1 0 -7 01 2 011 01 2
1 40 -3 1 -4 0 5 1 001 1 3 00 2
001 2 0 1 0 2 0 212 0 00O0O
000 O 0 0 10 010 3 0 011 4
12 4 0 8 1000 5 10 -2 00 7
10 -5 23 0100 O 01 1 00 2
00 0 1 4 0 01 0 12 00 0 10 -3
00 0 0O 0001 -4 00 0 01 1
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A variable corresponding to the leading 1 in some row is a leading variable. All other variables are free variables.

Example 2. Each augmented matrix below is in reduced row echelon form, and corresponds to a linear system
in the variables x, y, and z. Find a solution for each linear system, identify the leading variables and the free
variables, and describe the solution geometrically.

1001
(a) 010 2
001 3
10 4 -3
(b) 012 0
000 0
1000
() 0130
000 1
1 -1 -1 0
(d) 00 0 O
00 0 0
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Given an augmented matrix, an algorithm called Gaussian elimination can be used to find a matrix in row
echelon form that has the same solutions.

Gaussian elimination.

1.

2.

Identify the leftmost column that contains a nonzero number.

If necessary, swap two rows so that the first number in this column is nonzero. Call this number a.
. 1 .

Multiply the top row by 3 to create a leading 1.

Add multiples of the top row to each lower row so that every entry below the leading 1 is zero.

Cover the top row and repeat from Step 1.

Example 3. Apply Gaussian elimination to the augmented matrix below.

00 -2 0 7 12
2 4 -10 6 12 28
2 4 -5 6 -5 -1
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While Gaussian elimination will result in @ matrix in row echelon form, Gauss-Jordan elimination is an extension
that gives a matrix in reduced row echelon form.

Gauss-Jordan elimination.

1. Perform Gaussian elimination to obtain a matrix in row echelon form.
2. Starting from the bottom row and working upwards, identify the leading 1 in each row (if there is one).

3. Add multiples of this row to each higher row so that each entry above the leading 1 is a zero.

Example 4. Solve the linear system.

x1 + 3xp — 2x3 + 2x5 =0
2x1 +6xp — bxz — 2x4 + 4x5 — 3% = —1

5x3 +10x4 + +15x6 =5

2x1 + 6xo + 8x4 + 4x5 + 18x5 = 6
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A linear system is homogeneous if each of the equations in the system is homogeneous.

A homogeneous linear system in the variables xj, x2, ..., x, always has the trivial solution
X1 =Xp=--=x,=0.

(Any solution where at least one variable is nonzero is called a nontrivial solution.)

Example 5. Solve the linear system. Hint: compare this system with the previous example.

x1 + 3x0 — 2x3 + 2xs =0

2x1 +6x0 —bxz — 2x4 + 4x5 — 3x6 =0
5x34+10xa + +15x =0

2x1 + 6xo +8xs4 +4x5 + 18x = 0

Theorem. A homogeneous linear system with n unknowns and r nonzero rows in the reduced row echelon
form of the augmented matrix has n — r free variables.

Theorem. A homogeneous linear system with more unknowns that equations has infinitely many solutions.
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An alternative to Gauss-Jordan elimination is to use Gaussian elimination followed by back-substitution.

Gaussian elimination with back-substitution.

1. Perform Gaussian elimination to obtain a matrix in row echelon form.
2. Write an equation for each leading variable in terms of the other variables.
3. Starting from the bottom, substitute each equation into the equations above it.

4. Replace each free variable with a parameter.

Example 6. Use back-substitution to solve the linear system in Example 4.

Discussion. For each augmented matrix below, identify the number of solutions for the corresponding linear
system.

126 0 -15 126 0 -15 126 0 -15
010 -5 0 010 -5 O 010 -5 O
001 3 8 0 01 3 8 0 01 3 8
000 O 0 0 00 1 2 000 O 1



