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Probability: Sample set
Probability is a law which is assigned to experiences where the result is

uncertain.
- The list of all the possible outcomes is a set denoted by 2 and called the

"Sample set”.
Example
- Experiment: Flipping a coin with two faces: Head(H) and Tail (T)

- The set of possible outcomes Q2 = {H, T}.
- Experiment: Flipping a coin with two faces three times

Q={HHH,HHT ,HTH,HTT, THH, THT, TTH, TTT}.

- N A

0 «

i 2

Head Tail h .

Fatima Taousser Probability and Random Variables (ECE313/ECE317)




Probability: Sample set

Example

- Experiment: Tossing a dice with 6 faces

- The set of possible outcomes 2 = {1,2,3,4,5,6}.
- Experiment: Tossing a dice with 6 faces, two times
- The set of possible outcomes

Q=1{(1,1),(1,2),...,(6,6)} = 36 elements (see figure)
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Figure: Tossing a dice
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Probability: Axioms

Which outcomes are more likely to occur and which ones are less likely to
occur ?

= We do that by assigning probability (P) to the different outcomes.

- Event: A subset of the sample space =- Probability is assigned to events.

Set Algebra Probability
Set Event
Universal set Sample space
Element Outcome

Figure: The terminology of set theory and probability

» The list of outcomes must be:
- Collectively exhaustive: The union of all the outcomes is the total sample set.
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Probability: Axioms
- Axioms: (basic properties of the probability)
—Nonnegativity: P(A) >0
= 0<PA) <1
—Normalization: P(Q2) =1
- The likelihood of any event to occur is a number between 0 and 1,
e ( indicates the impossibility of the event.
e 1 indicates the certainty of the even

- Union of events: AU B means that " A occurs OR B occurs”.
- Intersection of events: AN B means that " A occurs AND B occurs”.

P(AUB) =P(A) +P(B) - P(AN B)
- Additivity: If AN B =0 (A and B are disjoint events), then
P(AUB) =P(A) + P(B).
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Probability: Axioms
- Consequences:
1) Q=QU0, and QN0 =0, as a consequence:
1=P(Q)=PQuU)=P(Q)+P0)=1+P0) = P0)=0
2) AUA =Q, and AN A° = (), as a consequence
o P(Q) = P(AU A%) = P(A) + P(A°) = 1 = P(A°) = 1 — P(A)
3) If AC B, then P(A) < P(B)

B = (BNAS)UA = P(B) = P((BNAS)UA) = P(BNA)+P(A) > P(A).
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Probability: Axioms
- Consequences:
4) PIAUBUC)=P(AUB)UC)=P(AUB)+P(C) —P((AuB)N C)

=P(AUB)+P(C) —P[(ANC)u (BN C)]
N—_——

=P(A)+P(B) —-P(ANB)+P(C) —[P(ANC)+P(BNC)—P(ANC)N (BN (C))]

> If A, B and C are mutually exclusive, then

P(AUBUC) =P(A)+P(B)-P(An B)+P(C)-P(An C)-P(BN C)+P(AN BN C)

0 0 0 0
=P(A)+P(B)+P(C)
> If A1, A, ..., Ax are mutually exclusive, then

]P)(Al UAU...U Ak) = P(Al) + [P)(Ag) +...+ [P(Ak)
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Probability: Axioms

5) AUBUC = AU(BN A )U(CNA°“NB°)
— is a union of disjoints sets: AN(B N A )N(C N (A°NB°)) =1

0

AUBUC = AU (BNAYU(C (A1 B%)) < union of disjoint sets

red part blue part green part
= P(AUBUC)=P(A)+P(BNA°)+P(CNA“NB°)
6) (A9)" = A = P((A)) = P(A)
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Probability: Axioms

Example
- Let P(A) = 0.6, P(BUC) =05 P(ANB) =04, ANC=10

P[AU(BCUC)] =PA)+P(B°UC)—-PAN(B°UC(Q))
= P(A) + P(B° U C) — P((AN B)U (AN C))
=P(A)+P(B°UC)—P((ANB°)UD)
= P(A) + P(B< U C) — P(AN BF)

=06+05-04=0.7
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Probability: Axioms

Example
- Let P(A) = 0.5, P(A°NB)=0.3 (i.e; P(B — A) = 0.3)

P(AUB) =P[AU(A°NB)] =P(A)+P(A°NB)—-P(ANA°NB)
= P(A) 4+ P(A° N B) — P(0 N B)
= P(A) + P(A° N B) — P(0)
= P(A) + P(A° N B) +0

=05+03+0=0.38
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Probability: Axioms

Example
-Let P(A) =04, CCA

PIAU(B°NC)] =PA)+PB°NC)—P(ANB°NC)
=PA)+P(B°NC)-P(B°NC)

= P(A) = 0.4
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Probability: Discrete uniform law:
- Assume 2 consist of n equally likely elements (n = cardinal of €2, and we
denote Q| = n).
- Assume the event A consists of k elements (k = cardinal of A, and we
denote |A| = k).

Al k 1 1
P(A) = ]|Q|] = — =k X — = — = probability of each element
n n n
Q o o °
G2
1
P= —L
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Probability: Examples

Example
- Flipping a coin = Q = {H, T}
- Event: A= {H}
P(A) = P(H) — %
- Event: A={T}

P(A) = B(T) =
- Event: A={H, T}
P(A) = P({H, T}) = P(Q) = 1
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Probability: Examples

Example
- Tossing a die = Q = {1,2,3,4,5,6} = 6 elements
- Event: A= {1}
1
B(A) = (1) = ¢ = 0.166
- Event: A= {3}

1
P(A) = P(3) = ¢ = 0.166
- Event: A=1{1,3,4,6}

P({1,3,4,6}) = P({1}U{3}U{4}U{6}) = P({1})+P({3}) +P({4}) +P({6})

1 1 1 1 4 2
=S f et === 0.666
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Probability: Examples

/‘ J‘ iF-— il

Figure: Two rolls of a tetrahedral die

Example

1 2 3 a
X =First roll

Q={Al (X,Y)}={(1,1),(1,2),...(4,4)} = 16 elements

Pleach (X, Y)) = 1_16
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Probability: Examples
-Event: A={(X,Y): X=1}, A={(1,1),(1,2),(1,3),(1,4)}
P(A) = P((1,1),(1,2), (1.3), (14) =4 x - = - =
- Event: Z={(X,Y): min(X,Y)=4}, Z={(4,4)}

1
4

P(Z) = F((4,4)) = 1.
- Event:

Z={(X,Y):min(X,Y) =2}, Z=1{(2,2),(2,3),(2,4),(3,2), (4,2)}
P(Z) = P((2,2),(2,3),(2,4),(3,2),(4,2)) =5 x r_>

16 16
4 // p Z/ ) //
g 2 it~ i Yosems | [
: A : =y
1 //// L 1
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Probability: Continuous law:
- Consider the continuous sample set €.
- Let the event A which is a subset of €.
area(A)
P(A) = ——.
(A) area(Q)

I~

Air(A)

P Air(Q

Figure: Continuous sample set

> Uniform probability law: Probability is computed according to the area

since the number of elements of the set is not countable
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Probability: Examples

Example

Q={(x,y):0<x<1 0<y<1}
area(Q)=1x1=1

1 x

Figure: Continuous sample set (the unit square)
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Probability: Examples
- Event: A={(x,y):x+y <1}

2 /?f_J
P(A) — P _ <1 _area(A)_(%zé)_l
() = Pl{(xy) i x-+y < 5)) = Tenl = T 2
- Event: A={x=0.5, y=0.3}
= P(A) = P({(0.5,0.3)}) = ﬂg - g ~0
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Probability computation steps

e Specify the sample space: (come up with a list of all possible outcomes).
e Specify a probability law:
(by assigning probabilities to subsets of the sample set according to our
believe to be likely and to be unlikely).

e |dentify an event of interest.
e Calculate.
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Probability: Examples

Examplel: - Experiment: Flipping a coin with two faces (H, T) three times
Q={HHH,HHT ,HTH, HTT, THH, THT, TTH, TTT} — |Q|=8.
- Event A: We get only one Head

A
A= {HTT,THT, TTH} — |A|=3 — B(A) = ||6|| o
- Event B: We get at least two Tails
B={HTT,THT,TTH,TTT} — |B|=4 — P(B) = % = %

- Event C: We get at most two Heads

C 7
C={HHT,HTH,HTT, THH, THT, TTH, TTT} — |C| =7 = P(C) = % =3
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Probability: Examples

1) What is the probability that at least one of the events A, B and C occurs?
( A occurs OR B occurs OR C occurs) — (AUBUC)

AUBUC={HTT, THT, TTH, TTT,HHT ,HTH, THH}
7
— |[AUBUC|=7 —>IP>(AUBUC):g
2) What is the probability that none of the events A, B and C occurs?
(not A And not B And not C) — (A°NB°NC°)=(AuBUC)
1
(AUBUC)* ={HHH} — |[(AUBUCQC)|=1 —>IP’((AUBUC)C):§

Or
1
HD((AUBUC)C):l—IP’(AUBUC)zl—gzé
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Probability: Examples

3) What is the probability that all the three events A, B and C occur?
( A occurs And B occurs And C occurs) — (AN BN C)

(ANBNC) ={HTT,THT, TTH} — |(AnBNC)|=3 — P((ANBNC)) = g

4) What is the probability that exactly one of the events A, B, C occurs?
(A occurs And not B And not C) Or (B occurs And not A And not C) Or
(C occurs And not A And not B)

[AN BN CIU[BNATNCTU[CNA N B

[ANB°NC) =0, [BNANC]=0, [CNA°NB| = {HHT, HTH, THH}
3

= [[ANB N CIUBNANCIUCNATNB] =3 = P=
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Probability: Examples

5) What is the probability that the events A, B occur but not C?
( A occurs And B occurs And not C)

ANBNC*

ANBNC* =0 — |ANBNC| =0 — P(ANBNC®) =0 — impossible event
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Probability: Examples

6) What is the probability that at most one of the events A, B, C occurs?
(A occurs And not B And not C) Or (B occurs And not A And not C) Or
(C occurs And not A And not B, Or none of them)

[ANB NCIUBNANCIU[CNATNBUIA N B N C]
[ANB°NC)=0, [BNANC)=0, [CNA°NB ] ={HHT,HTH, THH}
[A°N BN C] = {HHH}
[ANB N CNU[BNANCIU[CNANBE|U[A“NB“NC] = {HHT,HTH, THH, HHH}

4 1
— [[ANBNCJU[BNA“NCIU[CNANB|U[A“NBNCe]| =4 = P = 8=3
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Probability: Examples

Example2:

- Alice and Bob each choose at random a number in the interval [0, 2].
Consider the following events

A) Both numbers are greater than %

B) At least one of the numbers is greater than %

C) The two numbers are equal

D) Alice's number is greater than %

E) The magnitude of the difference of the two number is greater than %
- Find the probabilities:
P(A), P(B), P(C), B(D), P(E), P(AN D), B(D N E)
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Probability: Examples

Q={(x,y):0<x<2 0<y<2}
- Uniform probability law:

area(Q) =2x2=4
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Probability: Examples
1

A) Both numbers are greater than 3

W[
—

1
A={(xy)ix> 3 andy >

1
3

0 2

1
3

1 1 5 5 25
A 2 2
IP)(A):area()_i__S

area(Q) 4 36
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Probability: Examples
1

B) At least one of the numbers is greater than 3

1 1
B=1{(xy) x> 3 ory>)

c c area( B¢ ixl :
B ={(xy):x<q andy <3} = P(B) =385 =1 =i =5
= P(B)=1-P(B)=1— % =322
Or
1 35 area(B) 2 35
B)=4-— B)Y=4—--=— P(B) = =L ==
area(B) area(B°) 0" 9 (B) area(?) 4 36
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Probability: Examples

C) The two numbers are equal

C={(xy): x=y}

0 2
area(C) =0 — theareaofaline = 0
_area(C) 0

P(C) = area(Q) 4 0
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Probability: Examples

1

D) Alice’s number is greater than 3

D={(x,y) : x>}

Wl =

0 % 2
1 10 area(D) ¥ 10 5
area(D) = ( 3) 8 3 7 (D) area(?) 4 12 6
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Probability: Examples

E) The magnitude of the difference of the two numbers is greater than %

1 x—y>% y<x—%
E={(xy):Ix=yl>3}=(xy):{ OR =9 OR
x—y<‘T1 y>x+%

Wi
wl;

o

2x32 2x32 25 area(E) 2 25

Ey=3_3 4,33 __ "% P(E) = =2 -

aeal) ==t =g 2 B =00 T4 %

- Note that, EC:{(x,y):\x—y|g%}:{(x,y):x—yg%andx—yZ’Tl}
25 11

SE=1-FE)=1-3 =
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Probability: Examples

- Both numbers are greater than

1
AND ={(x,y) : x > gandxz

N

Wik

W=

Wl

and Alice's number is greater than %

1 1 1
andy > 3} = {(x.y) x> s andy >} = A

-

P(AN D) = P(A)

i 2

25
- 36
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Probability: Examples

- Alice's number is greater than % and the magnitude of the difference of the

two numbers is greater than %

1
DNE={(x,y):x>= and X—y>3 and x —y < —

W —

§j;§ . o i [ 55

Wi
w

N
N

Wi
w| o

N

0 1 2 0 1 2 0 1 2
G-Dx(G- 525 i3 33 @
DME)= = =—
area(DNE) +55 >t T
area(DNE) 3% 41
P(DNE)=22" =) 18 _ 22
( ) area(Q) 4 72
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Examples- Training
Problem 1: Given the two events A and B such that:

P(A) =03, P(B)=06, P(ANB)=0.18

- Find
i) P(Aor B)
i) P(A and notB)
iii) P(neither A nor B)
Problem 1-Solution:
i) P(Aor B) =P(AUB) = P(A)+P(B)—P(ANB) = 0.34+0.6—0.18 = 0.72
i) P(A and notB) =P(AN B¢) =P(A) —P(ANB) =0.3—-0.18 =0.12
- Method 2: AUB=BU(ANB°) =P(AUB) =P(B) +P(AN B°) =
P(AN BS) =P(AU B) — P(B) = 0.72 — 0.6 = 0.12
iii) P(neither A nor B) =P(A°N B°) =P((AUB)°)=1-P(AUB) =
1-0.72=0.28
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Examples- Training

Problem 2:
A die is tossed 2 times. Find the probability of getting an odd number at least one time.

WCIEEEE
[
Pl
ool
2Pt
ol
E e

Q={(1,2),(1,2),...,(6,6)} — |22 =36

Event A: Getting an odd number at least one time — (odd, even) or (odd, odd) or (even,

odd) — {1,3,5}, {2,4,6} = |A| = |(odd, even)| + |(odd, odd)| + |(even, odd)| =
N—— N——

EIEIEL
B[ %[
EEHE

odd even
2
(3x3)+(3x3)+(3x3)=27T=P(A) = 3; %
2
- Method 2: |A°| = |(even, even)| =3 x3=9=PA)=1-P(A°)=1- 396 32
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Examples- Training
Problem 3: A die is tossed 3 times. Find the probabilities of the following events
A: Getting an even number at least one time.
B: Getting an even number at most one time.
C: Getting an even number exactly one time.

Problem 3-Solution:

Q= {(1, 1, 1), (1, 1, 2), ey (6, 6, 6)} — |Q| =216

e A: Getting an even number at least one time. — (even, odd, even) or (even, even, odd)

or (odd, even, odd), ...— The easiest way is to consider the complement:

A<: Getting no even number — (odd, odd, odd) — {1,3,5} = |A°| =(3x3x3) =27
——

odd
2 1
= P(A°) = 2176 =3 =PA)=1-PA)=1-1=1=087
e B: Getting an even number at most one time. — (even, odd, odd) or (odd, even, odd) or
(odd, odd, even) or (odd, odd, odd) — |B| =4 x (3 x 3 x 3) =108 = P(B) = 322 = 0.5
e C: Getting an even exactly one time. — (even, odd, odd) or (odd, even, odd) or (odd

odd, even) — [B| =3 x (3x3x3)=81=P(B) = 2& = 0.37
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Examples- Training

Problem 3:

In a survey of 200 people that had just returned from a trip to Europe, the following
information was gathered.

e 142 visited England

e 05 visited ltaly

e 65 visited Germany

e 70 visited both England and ltaly

e 50 visited both England and Germany

e 30 visited both Italy and Germany

e 20 visited all these three countries

a) How many went to England but not Italy or Germany?

b) How many went to exactly one of these three countries?

c) How many went to none of these three countries?

e) Compute the probabilities of the events described in a), b) and ¢)
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Examples- Training
Problem 3-Solution:
Q| = 200
e E = people who visited England — n(E) = 142
e | = people who visited Italy — n(/) =95
e G = people who visited Germany — n(G) = 65
e EN | = people who visited both England and ltaly — n(EN /) =70
e EN G = people who visited both England and Germany — n(E N G) =50
e /| N G = people who visited both Italy and Germany — n(/ N G) = 30
e ENIN G = people who visited all these three countries — n(EN /N G) =20

Rule: n(A) =n(A—B)+n(ANB) = n(A— B) = n(A) —n(AN B)
a) How many went to England but not to Italy or Germany? —
n(EN(lUG))=n(E-(1UG)) ="
n(E)y=nlE—-(IUG)]+nEN(IUG)=n(EN(IUG))+n((ENI)U(ENG))
= n(EN(IUG) ) =n(E)—n((ENNU(ENG)) =n(E)—[n(EN1)+n(ENG)—n(ENING)]
= 142 — [50 4 30 + 20] = 42
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Examples- Training
Problem 3-Solution:
Q| = 200
e E = people who visited England — n(E) = 142
e | = people who visited Italy — n(/) =95
e G = people who visited Germany — n(G) = 65
e EN | = people who visited both England and ltaly — n(EN /) =70
e EN G = people who visited both England and Germany — n(E N G) =50
e /| N G = people who visited both Italy and Germany — n(/ N G) = 30
e ENIN G = people who visited all these three countries — n(EN /N G) =20
b) How many went to exactly one of these three countries?
= n(ENITNG)U(ENING)U(ESNING) =
n(ENIcNGS)+n(ESNING)+n(EcNI N G)

= n[EN(IUG) )+n[IN(ENG)]+n[GN(EUI)] = n[E—(IUG)]+n[l—(ENG)]+n[G—(EUI)]
=[n(E)—n(EN({TUG))]+[n(l)—n(IN(EUG))]+[n(G)—n(GN(EUI))]

=[n(E)—(n(EN)+n(ENG)—n(ENING))|+[n(/)—(n(INE)+n(ING)—n(ENING))]

+[n(G)—(n(GNI)+n(GNE)—n(ENING))] = 42+[95—(70+30—20)]+[65—(30+50—20)] = 62
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Examples- Training
Problem 3-Solution:
Q| = 200
e E = people who visited England — n(E) = 142
e | = people who visited Italy — n(/) =95
e G = people who visited Germany — n(G) = 65
e EN | = people who visited both England and ltaly — n(EN /) =70
e EN G = people who visited both England and Germany — n(E N G) =50
e /| N G = people who visited both Italy and Germany — n(/ N G) = 30
e ENIN G = people who visited all these three countries — n(EN /N G) =20
c) How many went to none of these three countries? — n(E< N /¢ N G°) =7

n(ESNI*NG®) =n((EUIUG)?) =200—n(EUIUG) =200—n[EU(I—E)U(G—(EUI))]
= 200—[n(E)+n(I—E)+n(G—(EUI))] = 200—[n(E)+(n(/)—n(INE))+n(G)—n(GN(EUI))]
=200 —[n(E)+ (n(I) = n(INE))+n(G)—n[(GNE)U(GNI)]]
=200 — [n(E) + (n(l) = n(INE))+n(G) —n(GNE)—n(GNI)+n(ENING)]
=200 — [142 + 95 + 65 — 50 — 30 — 50 + 20] = 28.
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Examples- Training
Problem 3-Solution:

e) Compute the probabilities of the events described in a), b) and c)
|| =200, n(a) =42, n(b) =062, n(c)=28.

P(a) = 'IS") = % =021, P(b)=

n(b) _ 62 n(c) 28

— D2 _031, P(c)="M_ 2 _
Q] ~ 200 + B =757 = 200

0.14

N

5
G 2%
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Axioms

1)o<P

2)() 1, B(0)=0

3) P(AUB) =P(A)+P(B) —P(AN B)

4) P(A°) =1-P(A)

5) A-B=AnNB°

6) AUB=AU(B—-A) or AUB=BU(A-B)

7) P(A—B)=P(A)—P(ANnB) OR P(A-B)=PAuB)—-P(B)

8) P(B—A)=P(B)—P(AnB) OR P(B—-A)=PAuUB)—-P(A)

9) P(A) = u — for discrete law, P(A) = area(4) — for continuous law

Q| area(Q)
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