Homework 4-Solution (ECE 313/317, Fall 2023):

Problem 1: (4.5 points)
An urn contains 9 white and 5 black balls. We draw 5 balls simultaneously
(i.e; without replacement and we do not take into consideration the order).

e We have 14 balls (9 W + 5 B). We draw 5 balls simultaneously = the number
of all possibilities is

14!
Q| = Ci* = 01— 2002 possible sets of 5 balls (0.25)

— There is no repetition (I'm not returning back the ball)+The order doesn’t matter

a) What is the probability of getting 3 whites and 2 blacks?
- Event A: {Getting 3 W and 2 B} — (3W,2B)

5 9! b5l |A] 840
Al=CxC5 = —=x—— = 84x10 = 84 P(A) = —— = —— =0.42 01
Al = G5 Cy = g5 < gy = 84310 =840 = B(A) =15 = 5555 =0 (01)
b) What is the probability that all the 5 balls are of the same color?
- Event B: {getting all the 5 balls in the same color}
— (5 W, 0B) OR (0 W, 5B).
9 5l IB| 127
B|=C4CE = ——+-—— =12 P(B) = = = ——— = 0.064.25 01
1Bl = C5+C5 = 5o — 127 = BB = (g = 5502 = 006425 (01)
¢) What is the probability of getting 1 white and 4 black balls?
- Event C: {getting 1 white and 4 black} — (1 W, 4 B)
9! 5! |C| 45
9., 5
= = —X— = =4 P = — =——=0.0225 01
€= CrxCi = g gy = 90 =45 = PO =15 = 5503 =00 (01)

d) What is the probability of getting 2 white and 3 black knowing that at
least one of the 5 balls is black?
e Event E: {At least one of the 5 balls is in black}

{1B,4W)or (2B,3W)or (3B,2W)or (4B,1W)or (5B,0W)}
| B = (CT x C) + (G x C3) + (3 x C3) + (CF x C7) + (C5 x C)

5! 9! 5! 9! 5! 9! 5! 9! 5! 9!
- (1!4! X 4!51>+<2!3! X 3!6|)+<3'2' X 2!7!)*(4!1! X 1!8!>+(5!01 X 0!9!>

_|E| 1876

(5x126)+(10x84)+(10x36)+(5%9)+(1x1) = 1876 = P(E) = = = —— = 0.9371

Q] 2002

- Remark: We can compute this probability through the complement.
e £¢ = {There are no black balls} < |E¢| = C? = 126

(0.2

J



|E| 126
S P(ES) = = = — = 0.0629 — P(E) = 1 — P(E°) = 1 — 0.0629 =
(E°) Q] ~ 2002 (E) (%)
0.9371

e Event D: {getting 2 white and 3 black balls} — (2 W, 3 B)

s 9 5l ID| 360
D|=CIxC = —— x—— =36x10 = P(D)="' =2 =01 0.25
|D| = 0305 = 5 % gz = 36x10 = 360 = P(D) ] = 2007 = 0179 (0.25)

e Event D|E: getting (2 W, 3 B) knowing that at least one of the 5 balls
is black =+ We have DN E = D since D C E
P(DNE) P(D) 0.1789 |D| 360

P(D|E) = - - —0.1919 = 2V 2
= POIE) = =5 = pm) ~omn - = 15 T a7

(0.75)

Problem 2: (3 points)
In an urn, there are 2 white balls and 3 black balls. Two balls are drawn
successively without replacement.
e We have 5 balls (2 W + 3 B). We draw 2 balls successively without replacement
= It is an arrangement without repetition = the # of possibilities is
5! 5!
Q| = A} = G0 =3 = 20 possible sets of 2 balls where the order matters (0.5)
- Calculate the probabilities of the following two events:
1) Event A: {getting 2 balls of the same color} — (1W, 1W) or (1B,1B)

2! 3! Al 8
TG 6= 8 2 P = Al 04  (1.25)

=1~ ® =
2) Event B: {getting two balls of different colors} — (1W, 1B) or (1B, IW) —
since the order matters

|Al = AS+A3 =

e Method 1:
|B| = (A}xA)+(ATxAD) = <(2 3!1)! X3 3!1)!)+((3 fll)! X @ ill)!> =2(2x3) =12
~ P(B) = |g| — % —06  (1.25)

e Method 2: consider it as a combination of getting (IW, 1B) but we should
take into consideration all the possible permutations since the order matters

21 31 B 12
—2x2x3=12 = P(B) = '\ = == =
ne-n uE o - 2 = PB=1q =

|B| = 2!x(CIxC3?) = 2!x

- We are multiplying by 2! since the order matters: If T will draw the W first
and the B second is different from I'm drawing the B first and the W second.
e Method 3: We can go through the complement. We have B = A€

= P(B)=1-P(A)=1-04=06



Problem 3: (1.5 points)
You want to order a pizza. If you have a choice of 5 different toppings, how
many different pizzas can be ordered?

# of pizza =CH+C{ +C5 +C5 +Ch +C2=32=2°  (15)

Problem 4: (4.5 points)
- How many 5-digit numbers where 0 occurs once and only once?

e We will take 5 numbers from {0, 1,2,3,4,5,6,7,8,9}, where the order matters
and we have right to repeat the numbers (an arrangement with repetition).

- The first number should not be 0 We have 9 possibilities for the first number.
- We will take 0 only one time = 0 have 4 possibilities to be placed.

- Each of the three remaining numbers have 9 possibilities.

[ ] [ ] [ ] [ ] [ ]
LLr L
9 0 9 9 9 < possibilities when 0 is placed in the 2nd position
9 9 0 9 9 < possibilities when 0 is placed in the 3rd position
9 9 9 0 9 <« possibilities when 0 is placed in the 4th position
9 9 9 9 0 < possibilities when 0 is placed in the 5th position

P=9x4x9%x9x9=26244. (0.75)
- How many ways to order the letters of MISSISSIPPI?

e It is a permutation with repetition: There are 11 letters. ”S” is repeated
4 times, ”I” is repeated 4 times and ”P” is repeated 2 times

st
41419

= 34650 (0.75)
- How many ways are there to permute the letters of the word FORMULA?

e It is a permutation without repetition: There are 6 letters.
P = 7! = 5040. (0.75)

- How many ways are there to permute the letters of the word HAPPY?

e [t is a permutation with repetition: There are 5 letters, ”P” is repeated 2

times
5!

p==
2!

=60.  (0.75)

- How many ways can the letters of the word TRIANGLE be arranged if the
first three letters must be RAN (in any order)?



e Let the casel: RAN {T'I G L E}
—_——

permutes these letters

P=1x5=120.  (0.75)

e Let the case2: {R, A, N} x {TIGLE}
—_——— —_———

permute these letters  permute these letters

P =3!x5=720 Try to consider this answer as a correct one too

- How many different sets of four letters can be formed from the word TRIAN-
GLE

e It is a combination of 4 elements from 8 elements.
8! 8!

chgzizi
Y418 —4)! T 44!

=70.  (0.75)

Problem 5: (2 points)
In a Christmas lottery, 300 tickets are sold; 4 tickets are winners. If I buy 10
tickets, what is the probability that I will win at least one prize?

e There are C1J, possible outcomes by buying 10 tickets from 300

300! 300!
Ql = 300 _ =
= |Q| = Cip 10!(300 — 10)! — 10!290!

— It is a huge number (0.5)

e Let the event A: I will win at least 1 prize
— A={(1W,9L) or (2W,8L) or (3W,7L) or (4W,6L)}
e Method 1: We have 4 Winners and 296 Losing tickets
[A] = (Cf x C§°) + (C3 x CF°) + (C3 x CF*%) + (C x C*°)
_A] _ (G x C8%) + (C3 x CF%) + (C5 x CF°) + (Cf x C§°)

P(A)

B iy’
_CixC§P  CyxCFs  CyxCFP  CyxCgs o (L5)
Cig° Cig° Cig° ag

- Method 2: We can go through the complement.
- We have 4 W and 296 L = The event A° = 7All the 10 tickets are losing
tickets”

296!
C236 296!290!
c| _ 296 ey Y100 10!286! _
|A°] = C15° = P(A°) = 30 = 73000~ 23613001 — 0.8726.
10'290!



— Less computation than the first method.
P(A) =1—-P(A°) =1-0.8726 = 0.12.

- Method 3: We can use the binomial probability:

- Consider that we have 10 experiments with two possible results (W,L) —
4 296

Let X:{the number of the winner tickets}

296,15 _ (296 1
300 300

P(A)=1-P(X =0) =1—0.8744 = 0.12

P(X =0) =GP P(L)]* =1 x 1 x [ = = 0.8744

Problem 6: (1.5 points) (Hoosier Lottery)

When you buy a Powerball ticket, you select 5 different white numbers from
among the numbers 1 through 59 (order of selection does not matter), and one
red number from among the numbers 1 through 35. How many different Power-
ball tickets can you buy?

e If you check out the Powerball you will see that you need to select 5 dis-
tinct white numbers — you can do this as follow

coo_ 59 59
° 5159 —5)! 554!

= 5006386 ways.

- Then you can pick the red number

35! 35!

C3 = =
LuEs -1y 1134l

= 35 ways.

= The total number of tickets is
2 x CP° = 5006386 x 35 = 175223510.  (1.5)

Problem 7: (3 points)

One person is playing 10 times a game with only two possibilities success or
failure. The probability that this person succeeds in the game is p = 0.7 and
the probability of failure is 1 — p = 0.3.

- Let the event A={The person succeeds the game 6 times}

1) What is the probability that this person will succeed 6 times in the game?
- A typical outcome : {SFFSSFSFSS} — This is a binomial probability.

10!
P(X =6) = Ci'p%(1—p)* = 6'—2"(0.7)6(0.3)4 =210x0.1176x0.0081 = 0.2 (01)



2) If the probability of success is p = 0.5, compute in two different ways the
probability that this person succeeds 6 times the game.
e Method1l: We can use the binomial probability

10!
P(X =6) = Ci%°(1—p)* = @(0'5)%'5)4 = 210x0.1176x0.0081 = 0.2051  (01)
o Method2: We can use the cardinal since the success and the failure are
equally likely.

Q] =2 =1024, |A|=C¢" = 6!7'! =210
|A| 210
P(A) = .= = —— =0.2051 (01
(4) Q] 1024 (01)



