Homework 3 (ECE 313/ ECE 317, Spring 2023):

Problem 1: (6 points)

In a population Q, two diseases D; and D, are present in 40% and 20% respec-
tively.It is assumed that the number of those who suffer from both diseases is
negligible. We undertake a screening system of D and D diseases. To do this,
we apply a test that works on 90% of D; patients, on 70% of Dy patients, and
in 10% of individuals who have neither of these two conditions.

e Event A;:{having disease D1} — P(A4;) =0.4
e Event As:{having disease D2} — P(A3) = 0.2
e Event N:{having nor of these diseases} — P(N)=1-(0.4+0.2) =04
e Event T:{The test works}
P(T|A;1) =09, P(T|A2) =0.7, P(T|N)=0.1

1) When we randomly choose an individual w in €, what is the probability
that the test will work? — P(T") =?

P(T) =P(TNA)+PTNA)+P(TNN)
= P(T[A1)P(A1) + P(T'|A2)P(A2) + P(T|N)P(N)
= (0.9).(0.4) + (0.7).(0.2) + (0.1).(0.4)

=0.36+0.1440.04 =0.54  (1.5)

- We can summarize all these values in the following table
A1 AQ N Total

T | P(A,NT)=036 | P(A,NT)=0.14 | P(NNT) =0.04 | 0.54

T | P(A,NT¢) =004 | P(A,NT°) =0.06 | P(NNT°) =0.36 | 0.16

Total 0.4 0.2 0.4 1

2) Knowing that for an individual w, the test reacted, give the probabilities:
e So that the test reacted because of the D; disease.
AiNT)  P(T|Ay).P(A;)  0.36

P(A,|T) = P(P(T) = BT = G5g = 06667 (1.5)

e So that the test reacted because of the Dy disease.

P(A5|T) = P(?D?;)T) = MT";?;;I)P(AQ) = % =0.2593  (1.5)

e So that the test reacted when the individual was infected with neither
of the two diseases Dy and Ds.
P(NNT) P(T|N).P(N) _0.04

BNIT) = P(T)  P(T) 054

=0.0741  (1.5)



Problem 2: (03 points)

One way to design a spam filter is to look at the words in an email. In partic-
ular, some words are more frequent in spam emails. Suppose that we have the
following information:

e 40% of emails are spam.

e 9% of spam emails contain the word ”refinance”.

e 0.01% of non-spam emails contain the word ”refinance”.

- Let the events:

e S={The email is spam} — P(S) = 0.4 = P(5°) = 0.6
e R={The email contains the word "refinance” }

- So the following probabilities are provided to us:
P(S) =0.4, P(R|S)=0.09, P(R]S) =0.0001

- Suppose that an email is checked and found to contain the word "refinance”.
What is the probability that the email is spam? — P(S|R) =7

P(R) =P(RNS)+P(RNS9
=P(R|S).P(S) + P(R|S).P(S°)

= (0.09).(0.4) + (0.0001).(0.6) = 0.036  (1.5)

P(SNR)
P(S|R) = ———
SIR) = “pir
P(R|S).P(S)
=) (15
= % =1 — certain event since P(R|S°) = 0.0001 is a very low probability
S S¢ Total
R P(SNR)=0.09 x 0.4 = 0.036 P(S°N R) = 0.0001 x 0.6 =6.10"° | 0.036
R° | P(SNR%) = (1—0.09) x 0.4 =0.364 | P(5° N R°) = (1 — 0.0001) x 0.6 ~ 0.6 | 0.964
Total 0.4 0.6 1

Problem 3: (2.5 points)

A tennis player is entitled to two attempts to make a successful throw-in.

The player succeed his first serve 65% of the time. When it fails, it succeeds
the second in 90% of cases.

- We have the following events and information:

e Sy: {The player succeed his first serve} — P(S7) = 0.65 = P(S¢) = 0.35

e Sy: {The player succeed his second serve}




e When it fails, the player succeeds the second in 90% of cases

— P(S5|S9) = 0.8

- What is the probability that the player will double fault (i.e. fail twice in a

row)? — P(S¢ N S5) =7
P(S¢ N Sg) =7
P(SfNS5) = P(S557).P(SY)
= (1= P(5]57)).P(S7)
= (1-0.9).(0.35) = 0.035  (2.5)

Problem 4: (4.5 points)

Suppose that I have three bags that each contain 100 marbles
— The total number of marbles is 300 1

— The probability of each marble is: P(B;) = P(By) = P(B3) = 3
- Let the events:

e R:{The marble is red}
e W:{The marble is white}
We have the following information:

e Bag Bj has 80 red and 20 white marbles
— P(R|B;) =0.8, P(W|B;)=0.2
e Bag B5 has 65 red and 35 white marbles
— P(R|Bs) = 0.65, P(W|Bs2) =0.35
e Bag Bj has 45 red and 55 white marbles.

— P(R|Bs) = 0.45, P(W|Bs) = 0.55

By By Bj Total
R | P(RNB)) = o.sé = 0.2667 | P(RN By) = 0.65% = 02167 | P(RNBs) = 0.45% —0.15 | 0.6333
W | B(WNB)= 0.2% = 0.0667 | P(W N By) = 0.35% = 0.1167 | P(W N Bs) = 0.55% —0.183 | 0.33
Total E e E 1
3 3

3
- I choose one of the bags at random and then pick a marble from the chosen

bag, also at random.




1) What is the probability that the chosen marble is red?
P(R) =P(RNB;)+P(RNBy)+P(RN B3)

— P(R|B,).P(B:) + P(R|B2).P(By) + P(R|Bs).P(B3)

1 1 1
=0.8.5 .65.- 45.- =0.6 1.25
083+0653+0 53 3 ( )

2) Suppose we observed that the chosen marble is red. What is the proba-
bility that Bag By was selected? — P(B;1|R) =?

P(B1 N R)

_ P(R|B,).P(By)
B P(R)
0.8 x 1

- 3 0. 1.25).
e = 04233 (1.29)

3) Is the picked marble being red depend on the chosen bag? (check the
independence of the two events using the conditional probability)

0.8
P(RN Bi) = B(R|B)).P(B1) = - = 02667 (1.25)
P(R).P(By) = 03—6 = 0.2111 # P(RNB;) = 0.2667 — These two events are dependent. (0.75)

OR
P(R|B;) = 0.8 # P(R) = 0.6333 — These two events are dependent (or not independent).

Problem 5: (4 points)
In my town, it’s rainy one third of the days. Given that it is rainy, there will

1
be heavy traffic with probability 3 and given that it is not rainy, there will be
1
heavy traffic with probability 1 If it’s rainy and there is heavy traffic, I arrive
1
late for work with probability 3 On the other hand, the probability of being

1
late is reduced to - if it is not rainy and there is no heavy traffic. In other

situations (rainy and no traffic, not rainy and traffic) the probability of being
late is 0.25. The network connection is presented in Figure 1.
- Let the following events:

e R : {it is rainy }
o T : {There is a heavy traffic}



e L: {I’m late }
- We have the following information:
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- According to the rule of this graph, we have
P(RNTNL)=P(LIRNT)+P(T|R) + P(R)

- Using the above rule we can construct the following table representing all the
probabilities:

L Le Total

1 1 I

T P(L T) = — P(L° T) = — -
RN (LNRNT) 1% (L°NRNT) 1% 613
‘NrT P(L ‘NT) = — P(L¢ cnT) == -
R°N (LNRNT) 214 (L°NR°NT) % ?
RNT*e P(LQRQTC):% P(LCQROTC):% §
‘nNTc | P(L ‘NT) =— | P(L® ‘NTe) = — —
RN (LNR lﬂl ) 6 ( DRBI’; ) G 5
TOtal @ @ 1



- We pick a random day.

1) What is the probability that it is raining and there is heavy traffic and I
am late? - P(RNTNL)="

1
P(LNRNT) = 15 =0.0833 (01

2) What is the probability that it’s not raining and there is heavy traffic and
I am not late? — P(R°NT N L) =?

1
B(RENTNLY) =5 =0125  (0)
3) What is the probability that I am late? — P(L) =?
P(L) = 2 — 02292 (01)
S48

4) Given that I arrived late at work, what is the probability that it rained
that day? — P(R|L) =?

P(RNL P(RNLNT)+P(RNLNT*
P(R|L) = (]P’(L) ) = ( )IP’—;L)( ) — from the total probability

1
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