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Class Announcements

Homework:
Homework #2 is due this Sunday.

Lectures:
Course Project: Absences: In your email’s subject,
Check groups in Canvas. include the following text “[COSC325
PRFAQ is due 09/19 ABSENCE]”
Check Additional Approved Datasets in
the Course Project Assignment pane. Exams:

Exam #1: Thursday, 10/03
Exam #2: Thursday, 11/21
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Today’s Topics

Logistic Regression
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Last Lecture

* Linear Regression
— Close-form vs GD optimization

— Parameter confidence intervals and
hypothesis testing

— Extensions
* Interactions
* Polynomial regression

— Manipulation of input features while
learning technique remains the same
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What: UTK Machine Learning Club
Where: MK 525

When: Tuesday at 5:00
(including today)

Who: Any experience level

Everyone is welcome to the first meeting 'of ML
club today. Whether you are a beginner looking-to
learn from our intro to ML lesson series,
experienced practitioner who wants to learn from
and discuss with other enthusiasts in our reading
groups, or you just want to hear from our industry
guest speakers and seminars, utkML can help you
scratch your machine learning itch!




https://ttpoll.com/p/

Linear Regression Wrap up



https://ttpoll.com/p/911058

Exact Solution vs. Gradient Descent
6 =(XTX)"1xTy

* This gives an exact solution (modulo numerical inaccuracy for
inverting the matrix)

» Gradient descent gives you progressively better solutions and
eventually gets to an optimum

TENKESE
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Exact Solution vs. Gradient Descent

* GD Solution: O(n * m)
- Close solution: 0(m?3 + n * m?)

» Guidance:
— Typically n > m
— Will you need to run more than m iterations of gradient descent?

* Yes? Close form solution may be faster
« No? Gradient descent may be faster

— For m < 100, it’s probably faster to do a closed form solution
— For m = 10000, it’s probably faster to do gradient descent

— For in between...it's unclear

TENKESE
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Matrix Design

» We have an input matrix X with shape (n,m)
» We want to fit a polynomial of degree d

* Polynomial feature extraction process

— Columns for each feature polynomial power (e.g., x3, x3)
— Plus, columns for each feature interaction up to d — 1(e.g., x1x4, x2x,)

- Example for data with n samples, m = 2 features, and polynomial
degree d = 3.
Xnew =11 x1 x x12 X1X2 xz2 x]3_ x12x2 x1x22 xg’]

* Then, apply linear regression algorithm on X,,.,,
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Slide Credit: James, et. al., An Intro to Statistical Learning, 2023.
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Classification Problems

« Qualitative variables take values in an unordered set C, such as:
— eye_color € {brown, blue, green}
— emalil € {spam, ham}.

 Given a feature vector X and a qualitative response y taking values in
the discrete set C, the classification task is to build a function h(X) that
takes as input the feature vector X and predicts the value for y ; i.e.
h(X) € C.

» Often, we are more interested in estimating the probabilities that X
belongs to each category in C

TENKESE

Slide Credit: James, et. al., An Intro to Statistical Learning, 2023.
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Examples

Fraud: It is more valuable to have an estimate of the probability
that an insurance claim is fraudulent, than a classification
fraudulent or not.
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Can we use Linear Regression?

» Suppose for the Default classification task that we code
{1, if Yes
Y =10, if NO

» Can we simply perform a linear regression of y on X and classify as
Yesify > 0.57

TENKESE
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Slide Credit: James, et. al., An Intro to Statistical Learning, 2023.
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Issues with Linear Regression for classification

* For balanced binary classification problems, linear regression is a
good classifier.

* Since in the population E(y |X = x) = Pr(Y = 1|X = x), we might
think that regression is perfect for this task.

* However, linear regression might produce probabilities less than zero
or bigger than one.

TENKESE
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Issues with Linear Regression for classification

* Now suppose we have a response variable with three possible values.
A patient presents at the emergency room, and we must classify them
according to their symptoms.

1 if stroke
y=+<2 1if drugoverdose
3 if epilepticseizure
* Any issues with this coding?

— Suggests an ordering

— Implies that the difference between stroke and drug overdose is the same as
between drug overdose and epileptic seizure.

TENKESE
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What do we need?

* A probability

— Bounded between zero and one
» Categorize beyond binary problems
 Categorize unordered labels

* Logistic regression is our candidate.

TENKESE
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Linear vs Logistic Regression
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» The orange marks indicate the response y, either O or 1. Linear
regression does not estimate Pr(Y = 1|X) well. Logistic regression
seems well suited to the task.
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Logistic Regression

* Linear regression: y = 6y, + 6,x; + 0,x, + -+ 0,,x,,, = X0
* Logistic regression:

1
L

—z=X06 a(2) el
—p=0(2)
—o(z) = L 5=
g 1+e~% P 1+e—X0 0.5
. _[1L,p= 05
Y =10,p <05
6 -4 -2 0 2 4 6
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How do we compute this probability?

* Linear regression: y = 6y, + 6,x; + 0,x, + -+ 0,,x,,, = X0

- Logistic regression: _— )
—z=X0€ER o(2) 4 vyl
—p=o0(2) /
0= =2h =0

9 1re—2 P T Tie—xe 0.5
 (Lp=05
Y =10,p <05
All values of z "

between 0 and 1 \—6/—4 ) 0 2 4 6
Z
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How do we compute this probability?

* Linear regression: y = 6y, + 6,x; + 0,x, + -+ 0,,x,,, = X0
* Logistic regression:

1
L

—z=X06 a(2) el
~p=0() -
1 A1 N\

N O-(Z) T 1t+e-Z =P= 14+e—X0 / 0.5
. 1,p= 05

Y =10,p <05

/ 6 -4 -2 0 2 4 6
Notice model Z

predicts 1 when
X6 is positive. TENNESSEE 'T°

KNOXVILLE
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Geometry of Logistic Regression

O'(Z) = 0'(90 + 9196'1 + 02X2)
=0(—3+ (Dx; + (1)xy)

<
1
—

z=—-3+x;+x,=0=
X1 +x, =3

/
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Geometry of Logistic Regression

0(z) = 0(0g + 0,x% + 6,x2)
= o(—=1+ (Dxf + (Dx3)

y=1:

z=—-1+x{+x5=0=>
xt+x2 =1

TENKESE
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Gradient Descent
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Loss and Cost Functions

Per sample x®

* Loss L (y(”,y@) IS the error between the
(i)

ground truth (i.e., expected response) y
and the model prediction $.

* Cost J(w, b) is a measure of expected

Expected Performance
model error for parameters w and b.

We want
both to be
SMALL
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1 _’:ism function)

o(a) =

1+e 2 |

Loss Function

* Logistic regression model

O = a(x(i)TW +b), where a(z(i)) =

* Loss function

N | /Ty ideal convex loss
\ / : function :

lllllllllllllllllllllllllllllllll

Non-convex for
logistic regression
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1 »gistic function)

ola) = 1+e % |

Loss Function

--------
os®
.

* Logistic regression model

9O = o(xOTw  +b),

\

* Loss function

NOﬂ-COﬂVGX fOI’ ZF}EEIU\?IQIE%”S\EO]T{ T
logistic regression
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Student
Alert

Loss function derivation

1
1 4+ e—2W Pick one hypothesis!

O = O'(X(i)TW +b), where a(z(i)) =

We want our model to output: ¥ =p(y = 1|x)

Ify=1: p(ylx) =y

fy=0: p(ylx) =1—-9%

TENNESSEE [T
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Loss function derivation w

ify =1: p(ylx) =9 A i
m p(yIx) = §7(1 — )0V

Ify =1, thenypl(1 — )PV =9

fy =0, then9°(1 —9)HEDV =1-7
Log properties:
log(axb) =loga + loghb
log(a?) = bx log(a)

.
.
.
.®
.
.
e®
e®
e®
s®
st
a®
st
. .®
...........
.......
lllllllllllll

log(p(y1x)) =log(9”(1 —PNE)) =ylogy + (1 —y)log(1 —9) = —L(D,y)
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Loss function derivation p—

If
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Loss Function Intuition
L@, y) =—(log®) + (1 —y)log(1l—-17))
Ify=1: L(¥ 1) = —((1)1log(®) + (1 — 1) log(1 — y)_) = —log(9)

I\

R Asy > 1,L(H,1) >0

Asy - 0,L(y,1) »

TENKESE
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Loss Function Intuition
L@, y) =—(log®) + (1 —y)log(1l—-17))

||||||||||||||||||||||

—log(1 - 9) /

== Asy - 1,L(9,0) - oo

TENKESE
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Cost Function

Computes loss for
sample i

 Loss function
LD, yD) = =D 1og(P®) + (1 — y©)log(1 - y®))

* Cost function .
1 . .
J(w,b) = Ez L(PWD,yD)
i=1

m

1 | | . -

=~ 23 0 10g ) + (1 - y0) log(1 50
=1

Note this is the average
over all losses.
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Pop Quiz: Question #1

2 | MULTIPLE CHOICE

Why the LoglLoss loss is preferred over Mean Squared Error (MSE) loss?

A. MSE is harder to compute
B. LoglLoss is sensitive to outliers.
C. LoglLoss is a convex function for binary problems.

D. The functions are equivalent.
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Logistic Regression Comp. Graph

» Equations (n, = 2 and a = )
— Loss function: £(J,y) = —(ylog(®) + (1 —y)log(1 —¥))

— Model output: ¥ =0(2) » a=o0(2)
1

1+e7%
— Input, weights, and bias: z=x"w +b=w;x; + wyx, +b

— Activation function: 4(2) =

TENKESE
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Logistic Regression Comp. Graph

TENKESE
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Logistic Regression Comp. Graph

Wy Z=WiX;{ +wyx, +b
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Logistic Regression Comp. Graph

Wy 1
o\Z) =

(2) 1+e™”

X; 0 o NC T
3

Wy Z=WiX;{ +wyx, +b a=o0(z)
X2
b
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Logistic Regression Comp. Graph

w4 1
0(z) = 1+e™”

ol N :

. >,:'
Wy Z=WwiX1 +wyx, +b ]_[ a=o0(z) ]_[ L(a,y) ]

J .;'

LG,y) =—-log®) + (1 —y)log(1—-19))

b

TENNESSEE [T
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Loglstlc Regression Comp. Graph

. [f you want to know the influence of a
' parameter on the loss (“error”)
dL dLdadz
%, i = ads dp,where p € {wy,wy, b}
da dL
dz da
W, Z=WwiX1 +WyXx, + b ]_[ a=o0(z) ]_[ L(a,y) ]
X2 We can be efficient and pre-compute common
derivatives.
b dL dL dz dL dLda
dp~ dzdp’ """ dz = dadz

THE UNIVERSITY OF

TENNESSEE T
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dL a-vy
a(l—a
J__d_c_l__—L._—)_J d(log(a)) 1
Property: — > —— = — da
L(a,y) = —(ylog(a) + (1 —y)log(1l —a))
dL(a,y) dlog(a) dlog(1— a)
da ——[y da 1=y da
dL 1 —1
1-—
o=t A=y
dl . 1 y_—l _ | y-ay ay—a Y- ay+ay—a
da ya + 1-al [a(l—a) a(l—a) - [ a(l—a) ]
ar [ y—al a-—y
da la(l1—a)l a(l-a)




https://ttpoll.com/p/911058

da
— /
dz
1
1 =14+t d da du dt
a=o0(z)= — — da_d(1+e_z) S— u_ __ZI_ =t
1+ e 2 = t =e dz dudtdz
dz dz
da du™b 1 du d(1+¢t) dt d(e %) .,
— e J—— — =1 —_— = = —e
du dz u? dt dt dz dz
Power Rule
da dodudt 1 —Z —Z
== ()(—e )= =
dz dudtdz u? w2~ (1 +e2)2




T_C_l—-ﬁ__________—— https://ttpoll.com/p/911058
a

— =ala—1) =01 - d(2))
dz

da dodudt 1 e % e %

— 1 —
dz dudtdz u? u? (14 e7%)2 "




Already computed!

Loglstlc Regression Comp. Graph

. [f you want to know the influence of a
' parameter on the loss (“ error )
? de _dfdadz o ,
X dp ~ dadzdp'VeT¢P € Wi X1, W, X, b
da d_L
dz da
W, Z=WwiX1 +WyXx, + b a=o0(z) L(a,y)
X2 We can be efficient and pre-compute common
derivatives.
b dL dL dz dL dLda
= ,Where — =
Same path == Same Derivative dp dzdp dz dadz

THE UNIVERSITY OF
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Loglstlc Regression Comp. Graph

. [f you want to know the influence of a
' parameter on the loss (“error”)
dL _dtdz . ,
X1 dp  dz dp'W ere p € {wy, X1, Wy, X5, b}
da d_L
dz da
W Z =WiX1 +wyx, +b ]_[ a=0(z) ]_[ L(a,y) ]
X2
dL dLda a—y
_—= — = 1 — — —
b dz dadz (a(l — a)) (a(l —a)) =a-y

THE UNIVERSITY OF

TENNESSEE T
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Z = W1X1 +W2X2 + b

dz dz dz
dWl dWl db

THE UNIVERSITY OF
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Loglstlc Regression Comp. Graph

[f you want to know the influence of a

w
' parameter on the loss (“error”)
dL dLdz
X4 ip = dp,where p € {wy, x1,W,, X5, b}

da d_L
dz da

Z=WiX;{ +wyx, +b ]_[ a=o0(z) ]—[ L(a,y) ]
dL dL dz

THE UN

TENNESSEE T
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Logistic Regression Comp. Graph

( )

. [f you want to know the influence of a
' dz. parameter on
) . dw, EE I Note that these derivatives are for the loss.
X Lk 9z dp  dzdp'
| J  dx da
s N dz E
w L A Z=W;X; +WyXx, +b a=o(z a,
2 dw, > 1X1 2X2 ]—[ (2) (a,y)
These only capture the influence of AL
parameters for one sample. =a-y aL — (a—y)
But we have m samples. dz dp
What should we compute?
7 db
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Wi

Scaling to m samples' :12 x‘zwlxl+wzx2+b}_{ =6 H L(a,) ’

» Computing the cost J(w,b)

m m .
1 o 1 _ | Recall:
J(w,b)= —2 L(a®W,y®) = —z L(c(wTx® + b),yWD) dL
m =1 m i=1 d _ (Cl o y)xl
W1 .

* To our benefit, J(w, b) is the average of the measured losses

s®
--‘-IIIIIIIII.IIIIIII...IIIII

-‘l" .Il.ll....lllIIIllIIIIIIIlIIlIlIIIIIIIIIIIIIIIIIIII----

>

m
dJ](w,b) _ 1 z (’)L(a(l),y(l)) E(a(l) y(l))x(l) Z(O_(WTx(i) + b) _ y(i))xii)
=1

A
o®

0W1 m 4
1=1

TENKESE
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Wi

Scaling to m samples' :12 x‘zwlxl+wzx2+b}_{ =6 H L(a,) ’

» Computing the cost J(w,b)

m m .
1 o 1 _ | Recall:
J(w,b)= —2 L(a®W,y®) = —z L(c(wTx® + b),yWD) dL
m =1 m i=1 d _ (Cl o y)xl
W1 .

* To our benefit, J(w, b) is the average of the measured losses

s®
--‘-IIIIIIIII.IIIIIII...IIIII

-‘l" .Il.ll....lllIIIllIIIIIIIlIIlIlIIIIIIIIIIIIIIIIIIII----

>

m
dJ](w,b) _ 1 z (’)L(a(l),y(l)) E(a(l) y(l))x(l) Z(O_(WTx(i) + b) _ y(i))xii)
=1

A
o®

0W1 m 4
1=1
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X1

Scaling to m samples. el Pl
: Computing/ B e 2\ \
] (2)
1 Recall:
J(w, b):-} (3) dLl
nl T = (@ -y
= ' dWl i
» To our ben es
0J(w,b) 11

D 4+ p) — D), ®
dwy m&\ FinaI w, direction update. / ) Y ) !
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Gradient Descent Algorithm

J=0,dw; =0,dw; =0,and db = 0 Initialization of aggregating
Repeat fromi = 1:m variables

Z(i) — Wlx](_l) + szgl) +b

a® = O—(Z(i))

dz® = (a(i) — y(i))

dwy = dwy + (dz®)xV
db = db + (dz®)
End of Loop

J=J]/m,dw; =dw;/m,dw, = dw,/m, anddb := db/m




https://ttpoll.com/p/

Notebook Time



Review

* Why is linear regression not a good
choice for classification problems?

* Logistic Regression for Classification
— Decision boundary geometry
— Computational graph
— Derivatives for GD algorithm

* Binary Cross Entropy Loss

— Convex for binary problems
— Derivatives for GD algorithms
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Next Lecture

* Multi-class classification
* Overfitting/Underfitting
* Bias-Variance Tradeoff

* Regularization

THE UNIVERSITY OF
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What: UTK Machine Learning Club
Where: MK 525

When: Tuesday at 5:00
(including today)

Who: Any experience level

Everyone is welcome to the first meeting 'of ML
club today. Whether you are a beginner looking-to
learn from our intro to ML lesson series,
experienced practitioner who wants to learn from
and discuss with other enthusiasts in our reading
groups, or you just want to hear from our industry
guest speakers and seminars, utkML can help you
scratch your machine learning itch!




